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In this note we present the results of a theory of Galois groups associated with
iterates of a one parameter family of quadratic maps of the real line into itself. The
details appear in Ulam Quarterly, Beyer and Louck [2]. This journal is a new electronic
journal, not yet widely distributed. It was thought useful to announce the results of
that paper in the Proceedings of this Conference.

Galois theory of polynomials usually concerns itself with single polynomials. Here
we deal with an infinite family of polynomials arising in function iteration. Our par-
ticular family is interesting because each member of the family contains the same
parameter that may be taken to be fixed or to be indeterminate.

In recent years function iteration has come to have a number of practical appli-
cations. A few of these applications are listed in Beyer, Mauldin and Stein [3] and
May [9]. Function iteration is one of the sources of models for the phenomenon
called “chaos.” Function iteration has both structural and metric aspects. The struc-
tural aspects go under such names as maximal sequences, MSS (Metropolis, Stein, and
Stein [10]) sequences, kneading sequences, and lexical sequences. Metric aspects of
function iteration include geometric (Feigenbaum [7] and Lanford [8]) and quadratic
(Beyer and Stein [4] and Wang [14]) convergence in period doubling, and Hausdorff
dimension of sets arising in function iteration (Brucks [6]).

The topic of Galois groups of polynomial iterates should be regarded as part of the
structural aspects. In the past the structural aspects of function iteration have provided
insights into the metric theory and it is hoped that similar insights may be obtained
from Galois group theory. An intersection of the metric and structural theory is found
in the problem of bifurcation values in quadratic iteration. This problem has been
investigated by Bailey [1]. See also Silverman, p. 565 [12].

The principal contribution of this paper to the Galois theory of polynomials is the
application of an old algorithm for finding Galois groups of polynomials, an algorithm
generally dismissed as having no practical value. This algorithm is given in van der
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Waerden [13]. We apply this algorithm to finding Galois groups of polynomials arising
in the iteration problem discussed below.

Let us recall the definition of the Galois group of a polynomial. Let R and S be two
rings. A one to one mapping φ from R to S is called a ring monomorphism if for all
r1 and r2 in R: φ(r1 + r2) = φ(r1) + φ(r2), φ(r1r2) = φ(r1)φ(r2), and φ(1R) = 1S,
where 1R and 1S are the multiplicative unit elements of R and S respectively. A ring
monomorphism of a field onto itself is called an automorphism. Let K be a field.
Let Aut K be the set of all automorphisms of K . Denote by L : K a field extension
of the field K ; i.e., L is a field containing K as a subfield. Define �(L : K ) =
{σ ∈ Aut L | σ(k) = k, ∀ k ∈ K }, which is the set of automorphisms of L that fix K .
The set �(L : K ) is a group under composition and is called the Galois group of the
extension L : K . Let f ∈ K [x] (polynomial in the indeterminate x with coefficients
in the field K ). We say that f splits over the field L if f (x) = λ(x − α1) . . . (x − αn)

with λ ∈ K and αi ∈ L . The field extension L : K is the splitting field extension over
K for f if f splits over L and there is no proper subfield of L over which f splits.
Then �(L : K ) is called the Galois group of f . To summarize: the Galois group of f
is the (unique) subgroup of the group of all automorphisms of the splitting field that
fix the field K containing the coefficients of f .

We develop a theory of Galois groups of polynomials associated with a one parame-
ter family of quadratic maps of the real line into itself arising in function iteration. The
association of the polynomials used here and the quadratic maps are given in Bivins,
Louck, Stein, and Metropolis [5].

Let P [1]
ζ (x) ≡ ζ x(2 − x) and P [n+1]

ζ (x) = P [n]
ζ (P [1]

ζ (x)) for n = 1, 2, . . . with
ζ = 2 in the one case and ζ an indeterminate in the other case. We consider the
Galois groups of the polynomials P [n]

ζ (x) − 1 of degree 2n. We show that for ζ = 2
the Galois groups are the cyclic groups C2n of order 2n. For ζ indeterminate, we
use the algorithm mentioned above to show that the Galois groups of P [n]

ζ (x) − 1
are the wreath products [S2]n having order 22n−1. S2 is the permutation group on two
objects. We conjecture that these wreath products are the Galois groups for all positive
integers ζ �= 2. We give a set of generators of [S2]n as permutations in S2n . Note that
1 − P [n]

2 (x) = T2n(x − 1), Chebyshev polynomials of the first kind of degree 2n. We
show that C2n , as a permutation group of the roots of T2n(x −1), is a subgroup of [S2]n

when the roots of T2n(x − 1) are labelled appropriately.
Some of the results in this work were obtained by different methods by Odoni [11].
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