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Hamilton equations for non-holonomic systems

Petr Volńy and Olga Krupkov́a

Abstract. Hamilton equations for Lagrangian systems on fibred manifolds,
subjected to general non-holonomic constraints (i.e., not necessarily affine in
the velocities) are studied. Conditions for existence of a non-holonomic Le-
gendre transformation are discussed, and the corresponding formulas for con-
straint momenta and Hamiltonian are found.
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1. Introduction

Mechanical systems subjected to non-holonomic constraints, i.e., constraints de-
pending on time, positions and velocities, have been recently intensively studied
by methods of differential geometry (see for example [1, 4, 7–15], and references
therein). A classical description of a constrained motion is based on the idea that the
existence of constraints gives rise to an additional force, aconstraint force, acting
on the mechanical system. More precisely, if

(1.1)

f i (t,q1, . . . ,qm, q̇q1, . . . , q̇qm) = 0, 1 ≤ i ≤ k,

where rank

(
∂ f i

∂q̇qσ

)
= k

are constraint equations, then the motion of a mechanical system represented by a
LagrangianL, and subjected to the above constraints is described by the system of
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k + m equations

(1.2) f i = 0,
∂L

∂qσ
− d

dt

∂L

∂q̇qσ
= λi

∂ f i

∂q̇qσ
,

whereλi , 1 ≤ i ≤ k, areLagrange multipliers. Solving the motion equations one
finds Lagrange multipliers as functions of the parametert , and the trajectories of
the constrained system.

The classical procedure of excluding Lagrange multipliers from the motion equa-
tions with help of the equations of constraints geometrically means that a con-
strained system can be represented asdefined on a constraint manifold, given by
the equationsf i = 0. With help of such a geometric model one can study important
properties of constrained dynamics, and try to develop an appropriateLagrangian
andHamiltonian formulation. The latter problem is really non-trivial, since it is
known that for a constrained system such fundamental features as, e.g., regular-
ity, or existence of a Lagrangian, are not inherited from the corresponding uncon-
strained system.

In this paper we use a geometric setting for non-holonomic systems on fibred
manifolds proposed in [7] (cf. also [8–10] for further developments). In Sections
2 and 3 we recall main concepts and results leading to anintrinstric formulation
of both the non-constrained and constrained equations of motion. In the sequel we
deal with Hamilton equations for constrained systems. Our approach is different
from a usual procedure (see, e.g., [1, 4]) in the following main points: We intro-
duce constrained Hamiton equations in anintrinsic form, as equations for gener-
ally non-holonomic sections of the constraint (fibred) manifold. Then, Legendre
coordinates aredefinedto be coordinates transferring locally the corresponding
constrained system (represented by a class of differential 2-forms) to a simple,
canonical, form.

Consequently,new constraint Legendre transformationformulas are obtained,
and the expression of the constraint Hamilton equations in Legendre coordinates is
found. These results are valid forgeneral non-holonomic constraints. We also show
that, in particular, in the case of constraints affine in velocities and that of semi-
holonomic constraints (affine in velocities and integrable) our results correspond to
[10], and are in accordance with results and comments in [1].

2. Lagrangian systems on fibred manifolds

We consider a fibred manifoldπ : Y −→ X with dim X = 1, dimY = m+1, and
the jet prolongationsπ1 : J1Y −→ X andπ2 : J2Y −→ X of π . Local fibred coor-
dinates onY are denoted by(t, qσ ) where 1≤ σ ≤ m. The associated coordinates
on J1Y and J2Y are denoted by(t, qσ , q̇qσ ) and (t, qσ , q̇qσ , q̈qσ ), respectively. In
calculations we use either a canonical basis of one forms onJ1Y, (dt, dqσ , dq̇qσ ),
or a basis adapted to the contact structure,(dt, ωσ , dq̇qσ ), where

ωσ = dqσ − q̇qσ dt, 1 ≤ σ ≤ m.
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Recall that for every 2-formη on J1Y, its lift π∗
2,1η admits a unique decomposition

into a sum of a 1-contact and 2-contact form. We denote byp1η and p2η the 1-
contact and 2-contact part ofπ∗

2,1η respectively.
A (local) sectionδ of π1 is calledholonomicif δ = J1γ for a sectionγ of π .
By a distribution on J1Y we shall mean a mapping assigning to every point

z ∈ J1Y a vector subspace of the vector spaceTzJ1Y.
If λ is a Lagrangian onJ1Y, we denote byθλ and Eλ its Cartan and Euler–

Lagrange form, respectively. Recall thatEλ = p1dθλ. In fibred coordinates, where
λ = L dt, we have

θλ = L dt + (∂L/∂q̇qσ )ωσ ,

andEλ = Eσ dqσ ∧ dt, where

Eσ = ∂L

∂qσ
− d

dt

∂L

∂q̇qσ
.

Since the functionsEσ are affine in the variables̈qq , we write

(2.1) Eσ = Aσ + Bσνq̈qν,

where

(2.2) Bσν = − ∂2L

∂q̇qσ ∂q̇qν
, Aσ = ∂L

∂qσ
− ∂2L

∂t ∂q̇qσ
− ∂2L

∂qν∂q̇qσ
q̇qν.

Distribution�λ annihilated by all the one-formsi ξdθλ whereξ runs over allvertical
vector fields onJ1Y is then calledEuler–Lagrange distribution. Sections (respec-
tively, holonomic sections) of the fibred manifoldπ1, which are integral sections of
�λ, are calledHamilton extremals(respectively,extremals) of λ. Hence, the corre-
sponding equations, calledHamilton (respectively,Euler–Lagrange equations) of
λ, readδ∗i ξdθλ = 0 (respectively,J1γ ∗i ξdθλ = 0) for everyπ1-vertical vector field
ξ on J1Y, see [3, 5].

A Lagrangianλ is calledregular if rank�λ = corankdθλ = 1. We have the
following equivalent characterizations of a regular Lagrangian (cf. [2, 5, 6]).

Theorem 1. In case that dθλ is not projectable onto Y , regularity is equivalent
with any of the following conditions:

(1) det(Bσν) = det(∂2L/∂q̇qσ ∂q̇qν) �= 0.
(2) The Euler–Lagrange distribution is locally spanned by the following semis-

pray:

(2.3) ζ = ∂

∂t
+ q̇qσ ∂

∂qσ
− Bσρ Aρ

∂

∂q̇qσ
,

where(Bσρ) is the inverse matrix to(Bρν).
(3) The Euler–Lagrange equations have an equivalent form

q̈qσ = −Bσρ Aρ 1 ≤ σ ≤ m.
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Note that condition (2) means that the characteristic distribution ofdθλ has
rank 1, coincides with the Euler–Lagrange distribution, and is locally spanned by
semisprays (2.3).

With help of the Euler–Lagrange form, theEuler–Lagrange equationscan be
written equivalently as follows:

(2.4) J1γ ∗i ξα = 0 for everyπ1-vertical vector fieldξ on J1Y,

whereα is any2-form onJ1Y such thatp1α = Eλ. Apparently,

(2.5) α = dθλ + F,

whereF runs over all 2-contact 2-forms, horizontal with respect to the projection
π1,0. In fibred coordinates we have

F = Fσν ωσ ∧ ων,

where Fσν(t, qρ, q̇qρ) are arbitrary functions. Hence, (in the notations of (2.1),
(2.2)) every admissibleα takes the form

(2.6) α = Aσωσ ∧ dt + Bσνω
σ ∧ dq̇qν + Fσνω

σ ∧ ων.

Recall from [7] that every 2-formα defined on an open subsetW ⊂ J1Y, satisfying
condition (2.5) (i.e., such that, overW, p1α = Eλ), is called aLepage equivalent
of Eλ; the family of all (local) Lepage equivalents of an Euler–Lagrange formEλ

is then called aLepage classof Eλ, or, aLagrangian system, and denoted by[α].
The Euler–Lagrange equations (2.4) now have the meaning of equations forholo-
nomic integral sectionsof a dynamical distribution�α, defined on the domain of
definition ofα, and annihilated by the system of 1-formsi ξα, whereξ runs over all
π1-vertical vector fields onJ1Y. Note that although the dynamical distributions of
differentα’s are generally different, their holonomic integral sections locally coin-
cide, and are nothing but theextremalsof Eλ. We denote by[�α] the family of the
dynamical distributions associated with the elements of a Lepage class[α]. Clearly,
the family[�α] contains the Euler–Lagrange distribution�λ.

If α ∈ [α] and�α is its dynamical distribution we call equations forintegral
sectionsof �α Hamilton equations, and the 2-formα itself aHamiltonian system
related with the Lagrangian system[α]. We stress thatif the Lagrangianλ is regu-
lar, then the Euler–Lagrange equations are equivalent with the Hamilton equations
of anyα ∈ [α], see [9]. Moreover, in a neighbourhood of every point inJ1Y one
has a local coordinate transformation(t, qσ , q̇qσ ) −→ (t, qσ , pσ ), calledLegendre
transformation, such thateveryα ∈ [α] takes thecanonical form

(2.7) α = −d H ∧ dt + dpσ ∧ dqσ + F,

whereF is a certain 2-contactπ1,0-horizontal 2-form. It holdsdθλ = −d H ∧ dt +
dpσ ∧ dqσ , and

pσ = ∂L

∂q̇qσ
, H = −L + pσ q̇qσ .
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In what follows, we consider Lagrangian systems subjected to non-holonomic
constraints and we shall discuss the existence of a ‘Legendre transformation’ which
puts the corresponding ‘constraint Hamilton equations’ into a canonical form.

3. Non-holonomic Lagrangian systems

Following [7, 8], by a non-holonomicconstraint structureon J1Y we mean
a pair(Q, C) whereQ is a fibred submanifold of the fibred manifoldπ1,0 : J1Y −→
Y of codimensionk, where 1≤ k ≤ m−1, andC is a distribution onQ, locally an-
nihilated by the 1-forms̄ϕϕ i = ι∗ϕi , 1 ≤ i ≤ k, whereι is the canonical embedding
of Q into J1Y, and

(3.1) ϕi = f i dt + ∂ f i

∂q̇qσ
ωσ , 1 ≤ i ≤ k;

here f i = 0, 1≤ i ≤ k, are (local) equations of the submanifoldQ. Notice that the
forms (3.1) are linearly independent, since, by definition ofQ,

(3.2) rank

(
∂ f i

∂q̇qσ

)
= k.

Q is called aconstraint submanifold, the distributionC is calledcanonical distribu-
tion or Chetaev bundle([7, 12]), and the forms̄ϕϕ i canonical constraint one-forms.
The ideal of forms onQ, generated by the constraint 1-forms, is called thecon-
straint idealand is denoted byI(C0).

In view of (3.2), it is always possible to define a constraint locally by equations
in normal form,

(3.3) q̇qm−k+i − gi (t, qσ , q̇q1, . . . , q̇qm−k) = 0.

Now, consider onJ1Y a Lagrangian system[α] = [dθλ], and a constraint struc-
ture (Q, C). Put k = codimQ. In keeping with [7, 8], by a relatedconstrained
systemwe shall mean the equivalence class of 2-forms onQ defined by

(3.4) αQ = ι∗α modI(C0),

for everyα ∈ [α]. For the constrained system we use notation[αQ]. Hence, ele-
ments of the class[αQ] are of the form

(3.5) αQ = ι∗dθλ + –
FF + ϕ(2),

where
–
FF andϕ(2) run over all 2-contactπ1,0-horizontal and constraint 2-forms on

Q, respectively. In fibred coordinates, whereQ is given by (3.3) and the Euler–
Lagrange form ofλ is represented by (2.1), (2.2), we have

(3.6) αQ = –
AAl ω̄ω

l ∧ dt + –
BBlsω̄ω

l ∧ dq̇qs + –
FF ls ω̄ω l ∧ ω̄ωs + ϕ(2),
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whereω̄ω l = ι∗ωl , ϕ(2) ∈ I(C0),
–
FF ls are arbitrary, and

(3.7)

–
AAl =

(
Al + Am−k+i

∂gi

∂q̇ql +
(

Bl ,m−k+i +Bm−k+ j,m−k+i
∂gj

∂q̇ql

)
d̄d gi

dt

)
◦ι,

–
BBls =

(
Bls+Bl ,m−k+i

∂gi

∂q̇qs +Bs,m−k+i
∂gi

∂q̇ql

+Bm−k+i,m−k+ j
∂gi

∂q̇ql

∂gj

∂q̇qs

)
◦ι,

and summations run overl , s = 1, 2, . . . , m − k and i, j = 1, 2, . . . , k, see [7].
Above, we used the notation

(3.8)
d̄d

dt
= ∂

∂t
+ q̇qσ ∂

∂qσ
.

Note that among the elements of the class[αQ] we have‘constraint Poincaŕe–
Cartan2-forms’ ι∗dθλ modI(C0).

Since(Bσν) is a symmetric matrix, the above formula gives us that the matrix
(

–
BBls) is symmetric.

Theconstraint dynamical distributionrelated with a 2-formαQ is defined to be
a subdistribution of the canonical distributionC, annihilated by the 1-formsi ξαQ,
whereξ runs over allπ1-vertical vector fields onQ belonging toC, [7]. We stress
that every classαQ modI(C0) is represented by auniqueconstraint dynamical dis-
tribution. Indeed, ifα′

Q −αQ is a constraint 2-form then for every admissible vector
field ξ ,

i ξα
′
Q − i ξαQ

is a constraint 1-form. In particular, among constraint dynamical distributions re-
lated with a constrained Lagrangian system[αQ] we have theconstraint Euler–
Lagrange distribution.

Now, constrained Euler–Lagrange equationsare defined to be equations for
holonomicintegral sections of the constraint Euler–Lagrange distribution. It can
be easily seen thata sectionγ of the fibred manifoldπ : Y −→ X such that J1γ is
a section of Q−→ X is a solution of the constrained Euler–Lagrange equations if
and only if

(3.9) J1γ ∗i ξαQ = 0 for everyπ1-vertical vector fieldξ ∈ C,

whereαQ is any representative of the constrained system[αQ], see [7].
In analogy with the unconstrained case, a constrained system[αQ] is calledreg-

ular if the constraint Euler–Lagrange distribution has rank 1 (see [7]).

Theorem 2([7]). Let [αQ] be the constrained system related with a Lagrangian
system[α] and a constraint structure(Q, C) on J1Y . The following conditions are
equivalent:
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(1) [αQ] is regular.
(2) The(m − k) × (m − k)-matrix (

–
BBsl) is regular, i.e.,

(3.10) det(
–
BBsl) �= 0.

(3) The constraint Euler–Lagrange distribution is locally spanned by the follow-
ing constraint semispray:

(3.11) ζ = ∂

∂t
+

m−k∑
l=1

q̇ql ∂

∂ql +
k∑

i =1

gi ∂

∂qm−k+i − –
BBsl –

AAl
∂

∂q̇qs ,

where(
–
BBsl) is the inverse matrix to(

–
BBsl).

(4) The constrained Euler–Lagrange equations have an equivalent form

q̇qm−k+i = gi (t, qσ , q̇q1, . . . , q̇qm−k), 1 ≤ i ≤ k,

q̈ql = − –
BBlp –

AAp, 1 ≤ l ≤ m − k.

Rewriting theregularity condition(3.10) by means of a Lagrangianλ = L dt
according to (2.2) and (3.7) we obtain

(3.12)

det

((
∂2L

∂q̇ql ∂q̇qs + ∂2L

∂q̇qm−k+i ∂q̇qs

∂gi

∂q̇ql + ∂2L

∂q̇qm−k+i ∂q̇ql

∂gi

∂q̇qs

+ ∂2L

∂q̇qm−k+ j ∂q̇qm−k+r

∂gj

∂q̇ql

∂gr

∂q̇qs

)
◦ ι

)
�= 0.

On the other hand, in [1] a constrained Lagrangian system is calledregular if

(3.13) det

(
∂2L̄L

∂q̇ql ∂q̇qs −
(

∂L

∂q̇qm−k+i ◦ ι

)
∂2gi

∂q̇ql ∂q̇qs

)
�= 0,

whereL̄L = L ◦ ι. However, by a direct computation we can easily check that the
matrices in (3.12) and (3.13) are equal, i.e., the aboveregularity conditions are the
same.

It is important to stress that, as one can see from any of the above equivalent
regularity conditions, a constrained system of a regular Lagrangian system need
not be regular.

4. Legendre transformation and Hamilton equations for non-holonomic
Lagrangian systems

Let E be an Euler–Lagrange form defined onJ2Y, and [α] its Lepage class
of the first order. Consider a constraint structure(Q, C) on J1Y. If α ∈ [α] is
a Lepage 2-form defined on an open setW ⊂ J1Y, we shall call the equivalence
classαQ (3.4), i.e.,αQ = ι∗α modI(C0), aconstrained Hamiltonian system, related
with the Lagrangian system[α] and the constraint(Q, C). Equations for integral
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sections of the corresponding constraint dynamical distribution�αQ (on W ∩ Q)
will be calledconstrained Hamilton equations. Hence, Hamilton equations take the
following intrinsic form:

A sectionδ of the fibred manifold Q−→ X, passing in W, is a solution of the con-
strained Hamilton equations if and only ifδ is an integral section of the canonical
distributionC, and

(4.1) δ∗i ξαQ = 0 for everyπ1-vertical vector fieldξ ∈ C.

Theorem 3. Let [αQ] be a regular constrained Lagrangian system. Then for any
two Hamiltonian systemsα1

Q, α2
Q belonging to the Lepage class[αQ] and such that

domα1
Q ∩ domα2

Q = U �= ∅, their constrained dynamical distributions coincide
on U, i.e.,�α1

Q
= �α2

Q
, meaning that Hamilton equations are the same.

Proof. Sinceα1
Q andα2

Q are equivalent, we have by (3.6),

(4.2)
α

1
Q = –

AAl ω̄ω
l ∧ dt + –

BBlsω̄ω
l ∧ dq̇qs + –

FF 1
ls ω̄ω l ∧ ω̄ωs modI(C0),

α
2
Q = –

AAl ω̄ω
l ∧ dt + –

BBlsω̄ω
l ∧ dq̇qs + –

FF 2
ls ω̄ω l ∧ ω̄ωs modI(C0).

Computing the annihilators of the distributions�α1
Q

and�α2
Q
, and using the as-

sumption that the matrix
–
BBls is regular, we can see that both the distributions are

annihilated by the following (same) system of one forms:

(4.3)
–
AAl dt + –

BBlsdq̇qs, ω̄ω l , ι∗ωm−k+i .

This completes the proof. �

From the above theorem we immediately obtain the following important prop-
erty of regularconstrained Hamiltonian systems.

Corollary 4. Let [αQ] be a constrained Lagrangian system. If the regularity
condition(3.10)is satisfied then constrained Euler–Lagrange equations are equiv-
alent with (any) constrained Hamilton equations.

This means that every Hamiltonian systemαQ ∈ [αQ], defined on an open set
W ⊂ Q, possesses the following property: a sectionδ of the fibred manifold Q−→
X passing in W is a solution of the constrained Hamilton equations ofαQ if and
only if δ = J1γ whereγ : X −→ W is a constrained extremal of[αQ].

Now, we are in position to discuss the concept ofconstraint Legendre transfor-
mation.

Theorem 5. Let [αQ] be a constrained system related with a Lagrangianλ and
a constraint structure(Q, C) on J1Y . Let x ∈ Q be a point. Suppose that in a
neighbourhood of x,

(4.4)
∂

–
BBls

∂q̇qr = ∂
–
BBlr

∂q̇qs , 1 ≤ l , r, s ≤ m − k.
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Then there exists a neighbourhood U⊂ Q of x, and, on U, functions Pa, 1 ≤ a ≤
m − k and a1-formη, such that the class[αQ] has a representative of the form

(4.5) α′
Q = η ∧ dt + d Pa ∧ dqa.

If, moreover, the constrained system[αQ] is regular, then(t, qσ , q̇qa) −→ (t, qσ , Pa)

is a coordinate transformation on U.

Proof. In a neighbourhood ofx, let us consider the elements of the equivalence
class[αQ] in the form (3.6). From the Poincaré Lemma we get a neighbourhood
U ⊂ Q of x and functionsPa, 1 ≤ a ≤ m − k, onU such that

(4.6)
–
BBal = −∂ Pa/∂q̇ql .

In the class[αQ] there is a local representative of the form

αQ = –
AAl ω̄ω

l ∧dt+ ∂ Pa

∂q̇ql dq̇ql ∧ω̄ωa

= –
AAl ω̄ω

l ∧dt+d Pl ∧ω̄ω l − ∂ Pl

∂t
dt∧ω̄ω l − ∂ Pl

∂qs dqs∧ω̄ω l

− ∂ Pl

∂qm−k+i dqm−k+i ∧ω̄ω l

=
(

–
AAl + ∂ Pl

∂t

)
dql ∧dt+d Pl ∧dql −q̇ql d Pl ∧dt− ∂ Pl

∂qs (ω̄ωs+q̇qsdt)∧ω̄ω l

− ∂ Pl

∂qm−k+i (ω̄ω
m−k+i +gi dt)∧ω̄ω l

=
(

–
AAl + ∂ Pl

∂t
+ ∂ Pl

∂qa q̇qa+ ∂ Pl

∂qm−k+i gi

)
dql ∧dt−q̇ql d Pl ∧dt+d Pl ∧dql

+ ∂ Pl

∂qs ω̄ω l ∧ω̄ωs− ∂ Pl

∂qm−k+i ω̄ω
m−k+i ∧ω̄ω l .

Hence, we have a representative

(4.7)

α′
Q =

(
–
AAl + ∂ Pl

∂t
+ ∂ Pl

∂qs q̇qs+ ∂ Pl

∂qm−k+i gi

)
dql ∧dt−q̇qsd Ps∧dt

+d Pl ∧dql

=
(

–
AAl + ∂ Pl

∂t
+

(
∂ Pl

∂qs − ∂ Ps

∂ql

)
q̇qs+ ∂ Pl

∂qm−k+i gi

)
dql ∧dt

− ∂ Ps

∂qm−k+i q̇qsdqm−k+i ∧dt− ∂ Ps

∂q̇ql q̇qsdq̇ql ∧dt+d Pl ∧dql .
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We can writeα′
Q = η ∧ dt + d Pa ∧ dqa with

(4.8) η = η̄η0dt + η̄η l dql + η̄ηm−k+i dqm−k+i + η̃η l dq̇ql ,

whereη̄η0 is an arbitrary function onU , and

(4.9)

η̄η l = –
AAl + ∂ Pl

∂t
+

(
∂ Pl

∂qs − ∂ Ps

∂ql

)
q̇qs + ∂ Pl

∂qm−k+i gi ,

η̃η l = −∂ Pa

∂q̇ql q̇qa, η̄ηm−k+i = − ∂ Pa

∂qm−k+i q̇qa,

belongs to[αQ], as desired. Finally, the regularity condition for the transformation
(t, qσ , q̇qa) −→ (t, qσ , Pa) coincides with (3.10), i.e. (3.13). �

Integrability condition (4.4) for the
–
BBsl’s ensures that one can express the func-

tions Pa explicitly. To this purpose we consider a mappingχ : [0, 1] × W −→ W
defined by(u, t, qσ , q̇qa) −→ (t, qσ , uq̇qa), whereW ⊂ Q is an appropriate open set.
Then Poincaŕe Lemma gives us a solution

(4.10)

Pa = −q̇qb
∫ 1

0
(

–
BBal ◦ χ) du

= ∂ L̄L

∂q̇qa − q̇qb
∫ 1

0

((
∂L

∂q̇qm−k+i ◦ ι

)
∂2gi

∂q̇qa∂q̇qb

)
◦ χ du.

We shall call the above functionsPa theconstraint momenta, and the correspond-
ing coordinate transformationconstraint Legendre transformation. The 1-formη in
(4.5) isdetermined up to a constraint1-form, andneed not be closed. We shall call
it a constraint energy1-form. In view of (4.7), in constraint Legendre coordinates
we can write

(4.11) η = η0 dt + ηa dqa + ηa d Pa modI(C0).

It is easy to see thatif [αQ] is regular, we obtain for the constraint Euler–
Lagrange equationsequivalentconstraint Hamilton equations in the followingca-
nonical form:

(4.12)
d

dt
(Pa ◦ δ) = −ηa,

d

dt
(qa ◦ δ) = ηa,

d

dt
(qm−k+i ◦ δ) = gi ,

for 1 ≤ a ≤ m − k, 1 ≤ i ≤ k.
The above results generalize corresponding results of [1, 4, 10] to general (non-

linear) non-holonomic constraints.
We shall finish by discussing the case ofconstraints affine in the velocities. First,

notice that condition (4.4) rewritten in terms of a Lagrangian reads

(4.13)

(
∂

∂q̇qb

(
∂L

∂q̇qm−k+i ◦ ι

))
∂2gi

∂q̇qc∂q̇qa =
(

∂

∂q̇qc

(
∂L

∂q̇qm−k+i ◦ ι

))
∂2gi

∂q̇qb∂q̇qa .
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Now, the following assertion is easily obtained.

Theorem 6. Suppose that the functions gi , 1 ≤ i ≤ k, are affine in the veloc-
ities. Then(4.4) is fulfilled identically and the constraint momenta become Pa =
∂ L̄L /∂q̇qa. Regularity condition then takes the form

(4.14) det

(
∂2L̄L

∂q̇ql ∂q̇qs

)
�= 0.

Moreover, if for any�,

(4.15) � = ∂

∂t
+

m−k∑
l=1

q̇ql ∂

∂ql +
k∑

i =1

gi ∂

∂qm−k+i +
m−k∑
l=1

�l ∂

∂q̇ql ,

the functions gi satisfy the condition

(4.16) ∂�

∂gi

∂q̇qa − ∂gi

∂qa − ∂gi

∂qm−k+ j

∂gj

∂q̇qa = 0,

then the family of energy1-forms(4.11)contains a closed1-form equal to−d
–
HH ,

where
–
HH = −L̄L + Paq̇qa.

Proof. The only non-trivial part of the proof is to show that (4.16) implies
−d

–
HH − η ∈ I(C0). According to (3.5), the formα′

Q (4.5) is equivalent toι∗dθλ

(we shall writeα′
Q ∼ ι∗dθλ). We haveι∗dθλ = dι∗θλ, and

ι∗θλ = L̄L dt +
((

∂L

∂q̇qa + ∂L

∂q̇qm−k+i

∂gi

∂q̇qa

)
◦ ι

)
ω̄ωa +

(
∂L

∂q̇qm−k+i ◦ ι

)
ϕ̄ϕ i

= − –
HH dt + Padqa +

(
∂L

∂q̇qm−k+i ◦ ι

)
ϕ̄ϕ i .

Now,

α′
Q ∼ ι∗dθλ ∼ −d

–
HH ∧ dt + d Pa ∧ dqa +

(
∂L

∂q̇qm−k+i ◦ ι

)
dϕ̄ϕ i

∼ −d
–
HH ∧ dt + d Pa ∧ dqa

−
(

∂L

∂q̇qm−k+i ◦ ι

)(
∂�

∂gi

∂q̇qa − ∂gi

∂qa − ∂gi

∂qm−k+ j

∂gj

∂q̇qa

)
dqa ∧ dt,

and we can see that under the assumption (4.16),α′
Q ∼ −d

–
HH ∧ dt + d Pa ∧ dqa,

as desired. �

Note that, as proved in [10], condition (4.16) means that the constraint issemi-
holonomic.
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