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Canonical gravity and gravitational energy*
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Abstract. Hamiltonian evolution of gravitational field within a spatially com-
pact world tube with non-vanishing boundary is described. It is shown that
the standard A.D.M.-symplectic structure in the space of Cauchy data must be
supplemented by an extra boundary term. Possible “initial value + boundary
value” problems, compatible with this structure, are proposed. A possibility to
define quasilocal energy as a Hamiltonian function of the resulting Hamiltonian
system is analyzed.
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1. Introduction

There is a lot of ambiguities in the definition of gravitational energy. A textbook
version of the Legendre transformation, which is often used to derive Hamiltonian
formalism from the Lagrangian field theory, leads to a somewhat paradoxical result:
gravitational energy vanishesodulo boundary term3he same textbook version
of the Canonical Field Theory (used, e.g., as a starting point for second quantization
of Electrodynamics) is only “volume sensitive” but not “boundary sensitive”. This
means that boundary phenomena are simply neglected. But here, in Gravity Theory,
neglecting boundary terms means neglecting everything. Some authors improve
this version of Canonical Gravity by imposing extra requirements on the energy
functional in the asymptotically flat case (see, e.g., [1]).

In this way gravitational Hamiltonian is defined as “zero + boundary correc-
tions”. These corrections are, however, often obtained not by a universal procedure,
well defined for any field theory (e.g., electrodynamics), \datad hocimprove-
ments, which make no sense outside of Gravity Theory.

1This paper is in final form and no version of it will be submitted for publication elsewhere.



262 K. Grabowska and J. Kijowski

Another philosophy of such improvements is based on Lagrangian manipula-
tions: as a remedy for the well-known diseases of the naive version of Canonical
Gravity some authors propose adding boundary terms to the Lagrangian function
of the theory (see [2]-[3], or [5]-[6]).

In the present paper we try to convince the reader that the Lagrangian manip-
ulation are irrelevant for purposes of Canonical Gravity. Definitions of the gravi-
tational energy must be based on a profound analysis of dynamical properties of
Einstein equations. These properties cannot be improved by — even most sophis-
ticated — boundary corrections of the gravitational action. As a starting point of
our approach we take a version of Canonical Field Theory which is not only “vol-
ume sensitive” but also “boundary sensitive” (see [13], and [4]). In this approach
boundary terms are fully legitimate: a Hamiltonian given by a boundary integral is
not a paradox. When applied to gravity, this approach suggests definition of grav-
itational energy contained within a generic two-dimensional compact bourglary
as a quasi-local quantity (for the “free gravity” version of these results, see [8]-[9];
for a generalized version, when the interacting “gravity + matter fields” systems
were analyzed, see [10]). Total energy is then obtawiad limiting procedure,
when the surfac& goes to infinity (spatial infinity for the A.D.M.-mass and null
infinity for the Trautman—Bondi mass). In this paper we present for the first time
an improved version of this result, where the vector fildenerating dynamics
is not necessarily time-like (as was always assumed in the previous versions of the
theory). This way not only thguastlocal energy and static momentum may be
defined, but also themomentunand theangular momentum

We stress that the result presented lteres notlepend upon a choice of a vari-
ational principle, used for derivation of Einstein equations. As is generally known,
there are different variational formulations of General Relativity. In the “purely
metric” formulation, variation is taken with respect to the metric tergser The
corresponding Hilbert Lagrangian

1
L=——+I0IR
16, V19

is of the second differential order. We may also use the non-invariant first order Ein-
stein Lagrangian, obtained by subtracting a complete divergence from the Hilbert
Lagrangian. Palatini proposed another (the so called “metric-affine”) formulation,
where variation is taken with respect to both the metric and the conneictign
treateda priori as independent quantities.

Finally, one of us (see [12]) proposed a “purely-affine” formulation, where the
metric does not enter into the Lagrangian function and variation is taken with re-
spect to the connection only. In this approach, metric tensor arises as a momentum
canonically conjugate to the connection. Typically, the affine Lagrangian is of the
form L(I", oT") = ¢ - v/ |detR |-

All the above variational formulations of General Relativity (and also every-
thing, which may be obtained from thewia boundary manipulations) lead to the
samevolume pariof Canonical Gravity.

Its structure may be described as follows.
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Given a space-like hypersurfatec M (possiblywith boundary) embedded in
a general relativistic space-tinM, denote byn the unit, time oriented field, normal

to X.
}Lw

Y
Consider the extrinsic curvature tensor
(1) Kmnn= (Vnon|N) = —(0n | VimN) ,

and its traceK = K, §™", where byg™" we denote the three-dimensional inverse
to the restrictiorgy to = of the metricg,, (k,| =1,2,3; u,v =0, 1, 2, 3). Take
the Arnowitt—Deser—Misner momentum defined as follows:

2) PY = detg (Kg¥' — KK).

The volume partvs of the symplectic form, defined in the space of Cauchy data
(PX, Ok) on X, the same for all the four variational formulations, equals

1
@  es= /2 dPH (x) A dgi ().

This description of the phase space for gravity is correct only “in principle” because
of the following problems:

— A boundary correctiom,y to the symplectic form is necessary. We are going
to derive it in the sequel and to show that the cortetzl symplectic structure
is given byws + wys.

— There are Gauss—Codazzi constraints imposed or( B&tagy)).

— There is an extra gauge invariance, dual to constraints. This implies that the
“true” phase space of gravity is described by the quotient space of classes of
datamodulogauge transformations.

In spite of these problems, formula (3) contains, as will be seen later, the only
“variational” ingredient which is necessary for the construction of the satisfactory
Canonical Gravity Theory.

2. Role of boundary integrals in the canonical field theory

To illustrate our approach, consider the symplectic formulation of mechanics.
The phase space, parametrized by positipnrs (') and momentep = (p;), is
equipped with the symplectic form

4) w=dpadg (=dp Adg),
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A vector field

0 ad
5 X=p—+q—,
®) Pap +4q 54
is a Hamiltonian vector field generated by a Hamiltonian functibe= H(p, q) if
and only if its component§p, q) fulfil the following equations:
oH . 0H

6 = — =0
©  p=-fe 4=

or shortly:—dH (p, ) = pdg — g dp. This means, that for any vector
0 0

7 =ép—+489—,

(" y=2ép ap +4q 8

tangent to the phase space, the derivative of the Hamiltonian in the direction of
(i.e., the quantityH := Y(H)), satisfies the following equation

(8) —SH(p,q) = pdg—qgdp (= w(X,))).

Given dynamics of the system: = p(p, Q) andq = q(p, ), we may plug it into
the right-hand side of the above equation and check, whether or not the resulting
one-form is equal to a complete differential of a function on the phase space. In
case of a positive answer, the dynamics is Hamiltonian and the fundtioray be
reconstructed from (8) uniquely, up to an additive constant.

Consider now a simple example of a field theory: the scalar field satisfying
Klein—Gordon equation

9) ¢ — Ap +m?p =0,
or, equivalently,
(10) ¢ =m, T =Adp —m?p.

The phase space of Cauchy détdx), ¢(x)) on X is equipped with a symplectic
form

(12) w = / dr (X) A dp(X),
)]

(no volume form ‘d@x’ under the integral is needed because the momenttisna
scalar density and, hence, it is already a measurE ,asee [4]). The object’ =
(7, ¢) defines a vector in this phase space. Plugging the dynamics (1Q),imte
obtain for any other vectqy = (8, 8¢):

/7‘[8¢—¢58n=/(A¢—m2¢)8¢—7r5n
) )

= —5}/{m2¢2+(V¢)2+n2}+/ (059 89),
2 Js E)>
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or, equivalently,
(12) —8H=/7'16¢—¢58n+/ ptsg,
) D>

whereH = 1 [ {m?¢? + (V¢)? + 72}, and we denote by = p° the time com-
ponent of the momenturp* = —g*'d,¢. FunctionalH could be interpreted as

a Hamiltonian and the above formula as an infinite-dimensional analogue of the
Hamiltonian formula (8), provided the surface term in (12) vanishes. This happens,
e.g., when we limit ourselves to the spd@g of Cauchy data fulfilling the Dirich-

let boundary conditiony|ys = f, wheref is givena priori. Within this space we
haves¢|;= = 0 and therefore

(13) —8Hp :/;'raqs—q'san,
z
or, equivalently,
(14) T o= _%7 ¢ - %’
8¢ ép

where byHp we denote the restriction df to the phase spadep.

This method to translate field equations into the Hamiltonian language is not
unigue. Indeed, applying Legendre transformation to the boundary term of (12):
pt g = 8(pt @) — ¢ 5p*, we obtain

~

(15) —5H=/7'15¢—¢58n—/ ¢ 8 pt,
x X
where we have defined the following functional
(16) H:=H +/ pté =/{%m2¢2+%(v¢)2+%n2—ak(¢ak¢)}.
X p)

To derive Hamiltonian system from generating formula (15) let us choose the
phase spacBy of Cauchy data fulfiling Neuman boundary conditign:|5, = f.
Within this space we hawp= |,z = 0 and, therefore,

(17) aHN=/m¢_¢aﬂ,
>

where byHy we denote the restriction of the functiortalto the phase spad®, of
Cauchy data satisfying Neuman boundary condition. We conclude that the field dy-
namics withinx and its Hamiltonian imotdefined, unless we specify field bound-
ary conditions in an appropriate way (see again [4] for a more detailed analysis of
this phenomenon).

The two (infinite-dimensional) Hamiltonian systems, described by equations
(13) or (17), are equally legal. They describe field evolution in two different phys-
ical arrangements, described mathematically by two different functional spaces.
Controlling boundary conditions means controlling the way the field in the in-
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terior of ¥ interacts with the rest of the World. Of course, there are infinitely
many Hamiltonian systems which one may assign to a given field theory: one
could control various combinations of Dirichlet and Neuman data over different
pieces ofdX. The question arises: Is there any criterion to choose one of them
as a “fundamental control mode”, to consider its Hamiltonian as a “true field en-
ergy” and to call the corresponding boundary conditions as “adiabatic insulation”
of ©?

Before we propose an answer to this question, we would like to stress that the
existence of the variational principle, based on the Lagrangian function

1
(18) L=-3 {9 (8,0)(3,0) + mPp?},

which is often used to derive equation (9) and to define canonical momentum

oL
19 Po= ,
1 =

is irrelevant for this purpose. Yes, generating formula (12) may be directly obtained
via a standard Legendre transformation from the inte§yal L dV. Yes, control-

ling ¢ ondX seems to be natural, because variatioth 6§ taken with¢ fixed on

the boundary. These arguments are not, however, conclusive since there are many
other variational formulations of the Klein—Gordon theory. In particular, take

~ 1 L 1
(20) L= > {g;w p“p’ + ﬁ(au pﬂ)z}-

Variation of this Lagrangian function with respect pg, together with definition
of the conjugate momenta:

aL

@D =

reproducegxactlythe same theory. Indeed, (20) together with (21) imply that the
momentumd”, is proportional to Kronecker's delt . Denoting the proportional-

ity coefficient by “—¢” we see that the “new” field theory derived from the new La-
grangian (together with the symplectic form in the space of Cauchy data) coincides
with the old theory. The only difference is that applying the Legendre transforma-
tiontos [ LdV we obtain now the Neuman formula (15) instead of the Dirichlet
formula (12).

Hence, what was “Neuman” for one variational principle, can become “Dirich-
let” for another one. We conclude that variational principles do not help us to find
the appropriate form of the field energy among all possible formal definitions, re-
lated to all possible Legendre transformations which we may perform at the bound-
arydx. In fact, any generating formula of the type (15) or (12) gives rise to a corre-
sponding variational principle. To be able to interpret such a formula as a generator
of a Hamiltonian system, the corresponding mixed “initial value + boundary value”
problem must be well posed, but this is the caserianydifferent control modes.
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In particular, both the Dirichlet and the Neuman problems for the Klein—Gordon
theory satisfy this condition.

In our opinion, the only criterion which distinguishelsamong all other candi-
dates for the energy, is its positivity or, more precisely, the fact that it is bounded
from below and convex. These are the fundamental physical properties which en-
sure stability of the physical system in question. Positivity is, therefore, the very
reason to calH the field energy. Other functionals play role of a “free energy” and
contain also a part of energy of the device used to control physically the boundary
data (a “thermostat”).

3. Hamiltonian properties of Einstein equations

In this Section we present the so called “homogeneous generating formula” for
Einstein equations, which may be used as a starting point for the construction of
Canonical Relativity. We stress that the result presented here does not depend upon
any “ideology”, which one might choose to formulate General Relativity theory
or to derive its equations from any kind of a “least action principle”. The formula
depends only upon intrinsic properties of Einstein equations.

Suppose that the following three objects have been chosen in a general relativis-
tic spacetimeM:

1) a two-dimensional, spacelike surfaé8e- M,

2) a three-dimensional spacelike hypersurface M, suchthabtx = S

3) a vector fieldX defined in a neighborhood &f:

Suppose, moreover, that a one-parameter family of solutions of Einstein equa-
tionsg,, = 0,.,(X; o), defined in a neighborhood &f, has been chosen. Dragging
these solutions along the vector fiekdwe may construct a two-parameter family
of solutionsg,, = g,.,(X; t,0), wherer is the parameter of the group of dif-
feomorphisms generated by Let (PX (z, o), gu (t, o)) denote the corresponding
Cauchy data orx.. Take the following two vectors in the space Cauchy data:

.0 3

g=£=£xg, 59:%,
(22) X = )P V= )P

P=—=CxP, SP=

K3 L
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and try to calculate their symplectic product

1 .
23 X, V) =— [ P¥sgq — g sPY.
(23) wx(X,)) 1671,/2 O« — G

Below, we give the result which is valid not only for pure gravity, but also for a
broad class of matter fieldsinteracting with gravity. We stress that, once we know
the symplectic formwy, no variational principle is necessary to calculate (23), and
only the field equations are needed. In fact, the proof given in [8, 9] used the “purely
affine” variational principle whereas in [10], the same theorem was derived from
the Hilbert “purely metric” Lagrangian. It is, however, an interesting and highly
instructive exercise (which we leave to the reader) to derive the formula explicitly
from Einstein equations and matter field equations.

Theorem 1. If (9,,(X; 7,0),¢(X; 7,0)) is a two-parameter family of solu-
tions of the interacting system “Einstein equations + matter field equations”, if
X = 3/dt (i.e., if Lxg = @) and if (P¥(z, 0), gu(r, 0), 7 (7, 0), (1, 0)) are
corresponding Cauchy data an, then

. . 1 .
o:l/ Pk'8gk|—gk|8pk'+/7'r8¢—¢57r+/)»501—d5)»
16r ) ) 8r S
(24)
1
+ / {2n8(k) +2na8 (L) + QABSgAs} + / ptag.
167 S S

In this formula the following notation has been used(Xf), A = 1, 2; are
coordinates ors, then

(25) A = Vdetgas d’x

is the volume form orfs. The field X has been decomposed into the part tangent
to S, which we denote bX! = nA3,, and the pariX+, orthogonal toS. We have,

therefore X = X+ + X!l and denoten := ++/|(X+|X1)| where 4 is taken if X
is timelike and ' if X is spacelike. In the two-dimensional plane orthogon& to
(which may be identified with the two-dimensional Minkowski space) we use the
following three normalized vectordl:= (1/n) X+, M — orthogonal td\N andm —
tangent tox, directed outwards (we remind the reader thatas the unit vector
orthogonal tox).
N o

\ n N //////

-7
N

~ - ///
N v
> . / M
N7 |
Z sl m
/N \
v N
v S N
v N
v
s N
v N
s/ AN\

\
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By “«” we denote the “hyperbolic angle” betweshandn, defined as follows:

(26) {arsinf(N | m) for X* time-like,
o =
sgn(N | m)arcostiN | m) for X space-like.
We also use the extrinsic geometrySfthe torsion covector
1
(27) €ai=(VaAN|M) = H(VAXL M),

and the symmetric curvature tensoin the direction of\
(28) Kag = kag(M) = (VadgIM).

This means, that for any paiy, Z) of vector fields tangent t8 we havek(Y, Z) =
(VyZIM). Finally, we consider also the “acceleration” scalar

(29) s = (VxX|M) = Lxg(X, M) — 3M (X X).

Using the two-dimensional inver@AB to the metricgag 0N Swe define the trace

k = §“Bkap and the following tensor density:
(30) Q"B = A{ (: —2n% — ncndkcd><j AB 1 n(kAB — kg AB)}.

This completes the list of geometric objects used in (24).

The “hamiltonian part” (first three terms) of (24) implies the following symplec-
tic structure in the space of Cauchy data for the total “gravity + matter” system:

1 1
31 =—— [ dP¥ Ad /dk d fd do .
(31) w 1671,/; /\gk|+8ﬂs /\ot—i—EnAgb

It contains not only the gravitational volume part (3) and the matter field part (11),
but is supplemented by the gravitational surface paft (the second term on the
right-hand side). This supplement is necessary for the gauge invariance of this sym-
plectic structure.

Definition. Given Sand X, by gauge transformationse mean those spacetime
diffeomorphisms which do not move points 8fand their trajectories under the
group generated b}.

Theorem 2. Symplectic structur€31l) is invariant with respect to the above
gauge transformations.

The zero on the left-hand side of (2ddes notmean that the Hamiltonian of
the “gravity + matter” system vanishes. Indeed, this formula is analogous to the
so called “homogeneous formulation” of mechanics of point particles. Consider
spacetime coordinatggl*), u = 0, 1, 2, 3; of a particle and the corresponding
four momentap,,.
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Hamiltonian mechanics (relativistic and also non-relativistic) may be formulated
in terms of the following two equations:

(32) 0= p.d9" — 4" sp,.

(33) 0= po+ H(px, g% q°.

In this formulation, the parametérlong a trajectory is a pure gauge quantity and
has no physical meaning. The theory is invariant with respect to reparameterizations
of the trajectories. This is a consequence of the fact that the “control parameters”
(pu» 9*) in generating formula (32) are not free, but subject to constraint (33). To
derive the standard (3+1)-formulation of mechanics we must fix a gauge putting,

e.g.,
(34) t=q° — q°=1 and sq°=0.

This implies:

(35) 0= pPosq” — G°8po+ Pk 3a* — 4  spk = SH + P g — g  spx,
or, simply

(36)  —3H(p. d*. ) = pk3g“ — q* spx.

Similarly, boundary control parameters in equation (24) are subject to constraints,
see [10]. As a consequence, these parameters do not imply the time lapse at the
boundary. To derive a Hamiltonian dynamics from (24), we must choose boundary
conditions in such a way, that they uniquely fix the time coordinate at the boundary.
Here, different choices are possible. They must correspond to well posed boundary
value problems for Einstein equations. We believe that the correct choice would be
the one which leads to a positive — and, preferably, convex — energy functional. An
analysis of the positivity theorem for the global gravitational energy given in [11,
7] is rather encouraging. At the moment, however, we do not know whether or not
such a “good choice” is possible and we do not see any uniqueness in the choice of
boundary conditions. We have, however, some conjectures which we present in the
next Section (see also [10]).

Concluding this Section, we would like to stress that formula (24) is valid not
only in the simplest case of a scalar field interacting with gravity, but also for a
wide class of matter fields, including electromagnetism and gauge fields.

4. Examples of gravitational Hamiltonians

As an example of a possible choice of boundary conditions we may take the one
obtainedvia the following Legendre transformation at the boundary:

ns(Ak) = s(nAk) — Aks(n),

37
37) NAS(Aea) = S(AN™LA) — AlAS(ND).
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This enables us to rewrite (24) in the following way:

1 . . 1 [.
—8H :/ Pk'Sgk|—gk|8Pk'+/ 7%8¢—¢8ﬂ+fk8a—d8k
167 ) ) 8 S
(38)
1
+- f —20K5(n) —20LaA8N + Q" Bsgag+ / pdg.
167 S S

with the Hamiltonian given by:

1
(39) H = @ /(ZAnAEA + 2xnk) + Eg.
S

This choice consists, therefore, in controlling internal geometry of the three-dimen-
sional world tube obtained fror® be dragging it alongX. In particular, putting

n = 1 andn”® = 0 and controlling in formula (38) also the two-dimensional metric
gag 0N the boundary (together with Dirichlet datfs; for the matter field), we may
define the total energy of the “gravity + matter” system:

1
(40) E:/kk+Eo,
87 S

where the additive constag, (always free in the Hamiltonian formalism) may be
fixed in such a way thaE = 0 for the empty Minkowski spacetime. Although the
above formula resembles the Brown—York proposal of defining the gravitational en-
ergy (see [2]-[3]), we stress that the latter contains the curvatafes, considered

as a submanifold embeddedin(i.e., « is taken with respect to the vectorand

not M, as in (40) and, whence, is not gauge invariant). Puttirg 0 in (39), and
taking vectom” equal to the generator of a translations or rotations, we may define
in a similar way the total momentum and the angular momentum of the system.

In our opinion, the above choice of boundary conditions is not the best one.
Analyzing the linearization of the gravitational energy in an asymptotic region,
i.e., when gravitational field o is very weak, we came to conclusion that the
correct energy control mode must be somehow related with the one obtamed
the following Legendre transformation:

41)  M8(k) = s(nk) — Ak28<E> + nksa..

The last term vanishes whejag is controlled, since
(42) 8i = 2 1§"8gap = 0.

Hence, we may define a Hamiltonian related to the control the valbe-efk/n.
Fixing a “standard” value o and keeping” = 0 we thus obtain for energy the
following expression:

(43) E_ 1 /m\k+E— ! Ak2+E
T 167 Js 7 167 Js 0
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As the “standardb we take the extrinsic curvatukeof the local, isometric embed-
ding of Sinto the three-dimensional Euclidean spd&ke If, e.g.,gag is a sphere

of radiusr, thenb = —2/r. The constanEy must be chosen in such a way that
E vanishes for the Minkowski space. Hen&, = r /2. This formula works espe-
cially well for the Schwarzschild solution, where it gives the correct value of mass
on any Schwarzschild sphere (see [10] for a more detailed discussion).

5. Rigid shells in General Relativity

In Special Relativity Theory, we do not expect any specific properties of a Hamil-
tonian assigned to a generic tripl&, X, X). Nice properties, which should be ful-
filled by a “good energy functional”, are expected only whens flat and X is
orthogonal toX. In the general relativistic framework, the hypersurfatés no
longer relevant, since it is a gauge quantity, but its flathess may be translated into
the following property ofS.

Definition. A two-dimensional, spacelike submanifdglc M, homeomorphic
with the spheres?, is called arigid shellif there exist a non-vanishing vector field
N orthogonal toS such that the external curvature $fn direction ofN vanishes:
kag(N) = 0. The manifold is calleaveakly rigidif there is a non-vanishing vector
field N orthogonal toS such that the traceless partkgiN) vanishes:

kas(N) — 3 9asd “Pkcp(N) = 0.

In Minkowski space, every weakly rigid shell is also strongly rigid and must
be embedded in a flat Euclidean hyperplaheBelow we illustrate the fact, that
folding = in such a way that its internal geometry does not change, we may obtain
a shellS, whose internal geometry is isometric with internal geometry of a rigid
shell S, but which is no longer rigid.

A rigid (or weakly rigid) shell defines automatically a reference frame: vedtor
from the definition gives the time direction, whereas its orthonormal védtspan
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(together with vectors tangent 8) the local space directions. There is a conjecture
that, in every asymptotically flat spacetime, there are “sufficiently many” weakly
rigid shells, having a given internal geometyyg. If this conjecture is true, rigid
spheres might be used to construct “good reference frames” in asymptotically flat
regions of spacetime. Such frames would be unique up to an asymptotic Roincar
transformation. This way supertranslation ambiguities would be eliminated. An-
other conjecture says that a weakly rigid shell, which is a solution of the hamilton-
ian system (38) with control parameters constant in time and with vanishing matter
field ¢|s, must also be strongly rigid.

Analyzing properties of the quasilocal energy, defined in the previous Section,
we came to yet another conjecture, that the positivity theorem might be satisfied for
rigid shells, even if it is not universally valid. At the moment, we have no proof of
this conjecture, but the work is already in progress.
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