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On the reduction of some systems of partial
differential equations to first order systems
with only one unknown function1

S. Jiḿenez, J. Mũnoz and J. Rodrı́guez

Abstract. Inspired in part by some ideas of Lie, we define canonical corre-
spondences between jet spaces which, when specialized to a system of partial
differential equations, under certain conditions allow one to transform a given
system into a first order one with only one unknown function. To illustrate the
general theory, we describe the results that can be obtained for a class of second
order systems, thus clarifying and completing some partial results of Lie.
Keywords. Jet, contact element, Lie correspondence, system of partial differ-
ential equations, involutive system, intermediate integral.
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Introduction

In a long paper published in 1895, [6], S. Lie attempted toreduce, as far as pos-
sible, the general theory of partial differential equations of arbitrary order to that
of first order ones, thereby making its treatment amenable from the theory of groups
(page 327). He devotes the second chapter to such a reduction, making a detailed
study of the systems of two second order equations with two independent variables
and only one unknown function. However, his most important achievement is the
idea for the reduction, which one can guess under statements and proofs, wrapped
into the unavoidable imprecision caused by the state of the subject at that time.
This idea consists in using some natural correspondences between jet spaces which

1This paper is in final form and no version of it will be submitted for publication elsewhere.
The research of the first and third named authors was partially founded by Junta de Castilla y
León under the contract SA30/00B.
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apply submanifolds of a space into submanifolds of another one, and therefore sys-
tems of partial differential equations of one kind into systems of another kind.

The above correspondences between jet spaces appear by themselves when jets
are considered as ideals of the ring of smooth functions of the total space (the
manifold with the dependent and independent variables), as a result of the simple
relation of inclusion between ideals. This presentation of the theory of jets was
made in the PhD-thesis of J. Rodrı́guez [13] and is the natural continuation of the
ideas of A. Weil [14], which did not arouse the same interest as those of Ehresmann.
Ehresmann’s point of view is not appropriate for the problem to be dealt with here,
because when the manifold is fibred over different bases Lie’s correspondences do
not come out in a natural way.

1. Notations and preliminaries

In this section we recall some notions and results concerning Weil bundles and
jet spaces which we shall use later on. A detailed discussion of the theory of jets
used here can be found in [9,11]. Finally, we recall some properties about jet spaces
J 1

n−1(V) and first order systems with only one unknown function that we shall
address along the paper. For the details, see [8,7].

Let R
�
m be the quotient algebra of the ring of formal power series with real coef-

ficients inm variables modulo the(m + 1)-th power of its maximal ideal. LetV be
ann-dimensional smooth manifold.

Definition 1.1. An R
�
m-point or (m, �)-velocity of V is an homomorphism of

algebrasp�
m : C∞(V) −→ R

�
m (see [5,9,11,14]). A pointp�

m is said to be regular if
it is surjective.

The set ofR�
m-points ofV is a manifold, which we denote byV�

m, and the seťVV �

m
of regularR�

m-points is a dense open subset ofV�
m.

Examples. (1) For� = 0 we haveV̌V 0
m = V.

(2) V1
1 = TV.

(3) When� = 1, each pointp1
m ∈ V̌V 1

m can be identified with the set formed by a
point p = p0

m ∈ V andm linearly independent derivationsD1p, . . . , Dmp ∈ TpV .

(4) V̌V 1
n is the usual frame bundle onV.

The kernel of each regular pointp�
m is an idealp�

m of the ringC∞(V) called the
jet of p�

m. The set of all these jets is a manifold, which will be denoted byJ �
m(V).

Indeed, the projectioňVV �

m −→ J �
m(V) is a principal fibre bundle whose structure

group is Aut(R�
m), see [9]. This is still true for an arbitrary Weil algebraA, see [1].

In particular, each jetp1
m is the ideal ofC∞(V) consisting of those functions

vanishing at a given pointp ∈ V which are annihilated bym given tangent vectors
(D1)p, . . . , (Dm)p ∈ TpV.

Let X be a locally closedm-dimensional submanifold ofV. For each pointp ∈
X , the quotient ringC∞(X )/m�+1

p (wheremp is the ideal of the functions belonging
to C∞(X ) which vanish atp) is isomorphic toR1

m. The kernel of the composition
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of the restriction morphismC∞(V) −→ C∞(X ) with the quotient modulom�+1
p

is a jetp�
m ∈ J �

m(V); the set of all those jets is the prolongationJ �
m(X ) of X to

J �
m(V). It is clear thatX ≈ J �

m(X ) as manifolds.
There is a Pfaff system onJ �

m(V), the contact system, canonically determined
by the following condition: the 1-forms belonging to it (contact forms) agree ex-
actly with those that vanish on the prolongationJ �

m(X ) of every locally closed
m-dimensional submanifoldX of V (see [11]).

This contact system will be denoted by��
m(V). Each point ofJ �

m(V) has a neigh-
bourhood endowed with local coordinates

(1) x1, . . . , xm, y1, . . . , yn−m, . . . , Yj,α, . . . ,

where{x1, . . . , xm, y1, . . . , yn−m} are local coordinates inV, j runs from 1 ton−m
andα = (α1, . . . , αm) runs through the set ofm-indexes such that|α| ≤ �. Each
jet p�

m belonging to this neighbourhood agrees with the ideal which containsm�+1
p

(wheremp is the maximal ideal atp, the base ofp�
m in V) and then − m func-

tions
yj −

∑
|α|≤�

Yj,α(p
�
m)

(
x − x(p)

)α
.

In this coordinated open subset, the contact system is spanned by the forms

ω j,α = dYj,α −
m∑

i =1

Yj,α+εi dxi , j = 1, . . . , n − m; |α| ≤ � − 1,

whereα + εi is them-indexα, but replacingαi by αi + 1, andYj,0 = yj .

Remark 1.2. In the jet spacesJ 1
m(V), the corresponding contact system�1

m(V)

is precisely the Pfaff system which attaches to eachp1
m ∈ J 1

m(V) the set of the
differentials atp (= p0

m) of all functions f ∈ p1
m (considered as an ideal ofC∞(V)).

This follows immediately from the above expressions in local coordinates. Thus,(
�1

m(V)
)
p1

m
= p1

m/m2
p.

This construction can be generalized to higher order jets.

Whenm = n − 1, � = 1, each jetp1
n−1 is the ideal of the smooth functions

f ∈ C∞(V) vanishing atp = p0
n−1 that are annihilated byn − 1 linearly inde-

pendent tangent vectorsD1p, . . . , Dn−1p ∈ TpV; hencep1
n−1/m

2
p is a line ofT∗

pV.
Accordingly,J 1

n−1(V) is the projectivized manifold ofT∗V − {0}.
It is well known that the manifoldT∗V is endowed with a canonical 1-form

θ : for eachαp ∈ T∗
pV, the value ofθ at αp is the lift to T∗V of the αp itself

via the projectionT∗V −→ V; if we choose local coordinatesx1, . . . , xn in V
and complete them to a coordinate system forT∗V with the “conjugated” ones,
p1, . . . , pn, thenθ = ∑n

i =1 pi dxi .

The 2-formdθ endowsT∗V with a symplectic structure; the lagrangian subman-
ifolds of T∗V are the locally exact 1-forms (sections ofT∗V −→ V) and the ones
which can be obtained locally from them through canonical transformations. There
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is an unique tangent vector fieldH on T∗V such thati H dθ = θ ; this vector field
satisfies the conditionsi Hθ = 0, H Lθ = θ . Its expression in local coordinates is

H =
n∑

i =1

pi
∂

∂pi
.

The orbits ofH are the points in the section 0 and the lines inT∗V which, when
considered as points of its projectivized space, are the points ofJ 1

n−1(V). The
conditionsi Hθ = 0, H Lθ = θ show thatH belongs to the characteristic sys-
tem of the Pfaff system spanned byθ and that such a system is (locally) pro-
jectable to the manifold of first integrals ofH in T∗V−{0}. However, this manifold
agrees withJ 1

n−1(V). Let us take local coordinatesx1, . . . , xn−1, y in V, these and
p1, . . . , pn−1, q in T∗V, andx1, . . . , xn−1, y, Y1, . . . , Yn−1 in J 1

n−1(V); then

θ = p1 dx1 + · · · + pn−1 dxn−1 + q dy

and the contact system�1
n−1(V) in J 1

n−1(V) is spanned by

ω = dy − Y1 dx1 − · · · − Yn−1 dxn−1.

The local equations of the projectionπ : T∗V −→ J 1
n−1(V) are

Y1 = − p1

q
, . . . , Yn−1 = − pn−1

q
,

and henceπ∗(ω) = (1/q)θ . Thus, the projection of the Pfaff system spanned byθ

toJ 1
n−1(V) agrees with the contact system in this manifold.

A system of partial differential equations of order� with m independent variables
andn − m unknown functions inV is a locally closed submanifoldR�

m of J �
m(V)

(n = dimV). A solution ofR�
m is anm-dimensional submanifoldX of V such that

J �
m(X ) ⊆ R�

m. SinceJ �
m(X ) is always a solution of the contact system��

m(V),
the notion of solution can be generalized, as was done by Lie: a solution ofR�

m in
Lie’s sense is everym-dimensional submanifold̃XX ⊆ R�

m, which is a solution of
the contact system��

m(V) (specialized toR�
m).

In particular, when� = 1, m = n − 1, eachR1
n−1 ⊆ J 1

n−1(V) is a system of par-
tial differential equations of first order (with an unknown function). The solutions
of R1

n−1 in the Lie sense are the Legendre submanifolds ofJ 1
n−1(V) contained in

R1
n−1. Among them (always with dimensionn−1), there are the classical solutions:

the hypersurfacesXn−1 of V whose manifolds of contact elementsJ 1
n−1(Xn−1) are

contained inR1
n−1.

Passing fromJ 1
n−1(V) to the vector fibre bundleT∗(V), the submanifoldsF ⊆

T∗(V) are the first order systems of partial differential equations “which do not
contain explicitly the unknown function”. A solution ofF is a lagrangian subman-
ifold Xn ⊆ F (in particular, a classical solution is an exact formdV that, when
considered as a section ofT∗V −→ V, takes its values inF).

The homogeneous solutions, i.e., tangent toH , are precisely the inverse images
of the Legendre manifolds contained inJ 1

n−1(V).



On the reduction to first order systems 191

2. Differential correspondences between jet spaces

In this section,V will be a fixedn-dimensional manifold and all jet spaces are
referred to it; hence we can simplify the notations by omittingV. Thus,J �

m will
denoteJ �

m(V), ��
m will denote��

m(V), etc., when no confusion can arise.
Since each jet is an ideal ofC∞(V), the relation of inclusion between ideals

produces canonical correspondences between jet spaces. At this point, it is essential
to stop thinking of jets as “jets of cross–sections of a fibre bundle”.

Focusing our attention on the case in which we are interested, we give the fol-
lowing:

Definition 2.1. Given the natural numbersm ≤ r , the Lie correspondence∧
m,r (V) is the subset of the fibred productJ 1

m ×V J 1
r consisting of the pairs of

jets(p1
m, p1

r ) (with the same sourcep = p1
m = p0

r ), such thatp1
m ⊇ p1

r (inclusion as
ideals ofC∞(V)).

Theorem 2.2(Basic lemma).The necessary and sufficient condition for a point
(p1

m, p1
r ) ∈ J 1

m×VJ 1
r to belong to

∧
m,r (V) is that the following inclusion of spaces

of 1–forms should hold

(�1
m)p1

m
⊇ (�1

r )p1
r
.

Consequently, the equations deduced from the conditional inclusion�1
m ⊇ �1

r are
those of

∧
m,r as a submanifold ofJ 1

m ×V J 1
r .

Proof. This follows easily from Remark 1.2. �

Given a system of partial differential equationsR1
m ⊆ J 1

m, its inverse image in∧
m,r by the canonical projection

∧
m,r −→ J 1

m will be denoted byR1
m,r .

We are mainly interested in the caser = n−1, because the submanifoldsFn−1 ⊆
J 1

n−1 are first order systems with an unknown function, whose properties are well
known.

A geometric interpretation ofR1
m,n−1 can be deduced by thinking of eachp1

m

as anm-dimensional subspace ofTp(V) (p = p0
m). We can thus think of each

p1
n−1 contained (as an ideal) inp1

m as a hyperplane ofTp(V) containing them-
dimensional subspace which isp1

m. Thus, the fibre ofR1
m,n−1 overp1

m is the subset
of all hyperplanes ofTp(V) passing throughp1

m.
SinceJ 1

n−1 is the projectivized manifold ofT∗(V)−{0}, for the correspondences∧
m,n−1 we can replace the second factor inJ 1

m ×V J 1
n−1 by T∗(V), which we will

do in the sequel.
For each system of partial differential equationsR1

m ⊆ J 1
m, we shall denote by

R1
m,∗ the set of all pairs(p1

m, αp) ⊆ R1
m ×V T∗(V) such thatαp ∈ p1

m/m2
p. The

fibre ofR1
m,∗ overp1

m is the set of the differentials atp of all the functions ofp1
m,

or, what is the same,(�1
m)p1

m
(see the previous section). The projectivized space of

this fibre is the collection of hyperplanes ofTp(V) passing throughp1
m.

From the basic lemma one has:
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Proposition 2.3. The equations ofR1
m,∗ insideR1

m×V T∗(V) are those deduced
from the conditional inclusionθ ∈ �1

m.

Definition 2.4. The projection ofR1
m,∗ overT∗(V) will be called thefirst order

system of partial differential equations associated withR1
m and we shall denote it

by (R1
m)∗.

Remark 2.5. (R1
m)∗ may not be, a priori, a submanifold ofT∗(V). When one

is working in the complex domain andR1
m is an algebraic submanifold ofJ 1

m, then
(R1

m)∗ can be said to contain a dense subset which is a manifold.

Example. If X is anm-dimensional submanifold ofV, R1
m = J 1

m(X ) ⊆ J 1
m(V)

is a system of partial differential equations which has the solutionX (and its open
sets) only. Each pointp1

m ∈ R1
m is the same asTpX (wherep = p0

m is the source
of p1

m). We can think of eachp1
n−1 ⊆ p1

m as a hyperplaneHp ⊆ TpV contain-
ing TpX . Thus,R1

m,n−1 is the collection of all contact elementsHρ tangent to
X : it is the manifold of contact elements ofX in the Lie terminology; it is a Le-
gendre submanifold ofJ 1

n−1(V). Therefore,(R1
m)∗ is a lagrangian submanifold of

T∗(V).

From Definition 2.4 it follows easily that ifR1
m ⊆ R1

m then(R1
m)∗ ⊆ (R1

m)∗.
From this and the previous example we deduce the following:

Proposition 2.6 (Lie). If X is a solution of the system of partial differential
equationsR1

m, X is also solution, in the generalized Lie sense, of the first order
system(R1

m)∗, that is to say,(J 1
m(X ))∗ is a lagrangian submanifold of(R1

m)∗.

The systems of partial differential equations considered by Lie in [6] are those
such that(R1

m)∗ parametrizes the correspondenceR1
m,∗ . They fulfill the following:

Definition 2.7. A systemR1
m is aLie systemwhen the projection of the corre-

spondenceR1
m,∗ over(R1

m)∗ is an isomorphism.

Remark 2.8. For each Lie system, eachp1
n−1 that is contained as an ideal in a

p1
m ∈ R1

m, is contained in only one of them. In dual terms: each contact element
Hp ∈ J 1

n−1(V) which contains anm- dimensional manifoldPp ⊆ Tp(V) determin-
ing a jet ofR1

m contains only one of them.

The composition of(R1
m)∗ ≈ R1

m,∗ with the projectionR1
m,∗ −→ R1

m gives a
parametrization of the systemR1

m by the first order system(R1
m)∗. The situation is

as follows: a first order systemF = (R1
m)∗ and a smooth mapλ : F −→ R1

m such
that for eachαp ∈ F , αp ∈ λ(αp)/m

2
p.

The basic lemma gives:

Proposition 2.9. LetF ⊆ T∗(V) be a first order system of partial differential
equations, and letλ : F −→ J 1

m(V) be a smooth map. The necessary and sufficient
condition forαp ∈ λ(αp)/m

2
p for all αp ∈ F is that θ ∈ λ∗(�1

m), θ being the
specialization toF of the canonical1-form of T∗(V).
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3. Systems of two partial differential equations of second order with two
independent variables and one unknown function

Systems of two partial differential equations of second order in two independent
variables and only one unknown function are those the most studied in the classical
literature; it is known that each involutive system of this kind is integrable by a
generalization of Cauchy’s characteristics method for a single first order partial
differential equation because of the existence of characteristic vector fields (see for
instance [4,2]).

In the light of the discussion at the end of Section 1, a system of this kind can
be defined as a 6-dimensional locally closed submanifoldR2

2 of J 2
2 (V), whereV

is a smooth manifold of dimension 3; furthermore, we assume that the projection
R2

2 −→ J 1
2 (V) has the highest rank (= 5) at every point ofR2

2. Inspired by the
indications of Lie in [6, page 337], we wondered whether there are sufficient invo-
lutive distributions of rank 2 of vector fields tangent toR2

2 and annihilated by the
specialization to it of the contact system ofJ 2

2 (V) to obtain (locally) all the solu-
tions ofR2

2. The answer is affirmative and the results obtained can be summarized
as follows:

Theorem 3.1. The systemsR2
2 of two partial differential equations of second

order with two independent variables and one unknown function that are formally
compatible when prolonged to third and fourth orders are those whose solutions are
all solutions of involutive distributions of rank2 of tangent vector fields annihilated
by the contact system inR2

2. They can be divided into two and only two classes:
1. The prolongationR3

2 has dimension6 and is isomorphic toR2
2 by the pro-

jectionR3
2 −→ R2

2. There is only one involutive distribution of rank2 of tangent
vector fields onR2

2 annihilated by the contact system. The solutions of this distri-
bution are all the solutions ofR2

2. Thus, the general solution ofR2
2 “depends on

four arbitrary constants”.
2. The prolongationR3

2 has dimension7. R3
2 is formally compatible if and only

if R2
2 is involutive in the sense of Spencer and Goldschmidt. The contact system on

R2
2 is projectable by a tangent vector field D; there are infinite involutive distribu-

tions of rank2 of vector fields tangent toR2
2 annihilated by the contact system, and

each solution ofR2
2 is a solution of one of these distributions, which are obtained by

solving a partial differential equation of first order with six independent variables.

As a consequence,every solution of each systemR2
2 formally compatible up to

order4 is obtained by solving ordinary differential equations.

4. Relation with the Lie correspondence

The theory of Lie correspondences, as addressed here, can be applied to sys-
tems of partial differential equations with any number of independent variables and
unknown functions, but always of first order, that is to say, submanifolds of a jet
spaceJ 1

m(W), with arbitrary dimW. Each system can be thought of in this way,
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due to the natural inclusionsJ �
m(V) ⊆ J 1

m(J �−1
m (V)). In particular, the system

R2
2 ⊆ J 2

2 (V) can be considered as a submanifold ofJ 1
2 (J 1

2 (V)), and in this case
the base manifold for the Lie correspondence isJ 1

2 (V). Accordingly, (R2
2)

∗ is a
subset ofT∗J 1

2 (V).
We shall assume thatR2

2 is a Lie system (Definition 2.7) and involutive. The
situation is:

T∗J 1
2 (V) ⊇ (R2

2)
∗ R2

2

J 1
2 (V).

λ

and we denote byθ the canonical 1-form inT∗J 1
2 (V) specialized to(R2

2)
∗, and by

�(R2
2) the contact system ofJ 1

2 (J 1
2 (V)) specialized toR2

2.

Remark 4.1. Proposition 2.6 gives that each solution ofR2
2 is a solution, in the

generalized Lie sense, of the first order associated system(R2
2)

∗.

Definition 4.2. Each solution of the system(R2
2)

∗ will be called anintermediate
integralof R2

2.

Therefore, an intermediate integral ofR2
2 is a hypersurface ofJ 1

2 (V); i.e., a first
order partial differential equation. This definition does not agree with some of the
classical ones, but is justified by our main result concerning this kind of system:

Theorem 4.3. Let R2
2 be an involutive Lie system formally compatible up to

fourth order; then, each solution ofR2
2 is a solution of an intermediate integral;

conversely, each intermediate integral has a complete integral formed by solutions
of R2

2. Moreover, each solution ofR2
2 is obtained as intersection of intermediate

integrals.

Remark 4.4. In this case, the program proposed by Lie can be carried out com-
pletely: the integration of an involutive Lie systemR2

2 is reduced to that of its first
order associated system.

The idea for the proof consists in using the fact that each solution ofR2
2 can be

obtained as a solution of an involutive distribution of vector fields tangent toR2
2

and annihilated by the contact system (see Theorem 3.1). Unfortunately, this is out
of the scope of the present paper and will be published elsewhere.
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ordre à deux variables ind́ependantes,Tom. II (Hermann, Paris, 1898).
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