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The characterization of biharmonic
morphisms1

E. Loubeau and Y.-L. Ou

Abstract. We present a characterization of biharmonic morphisms, i.e., maps
between Riemannian manifolds which preserve (local) biharmonic functions,
in a manner similar to the case of harmonic morphisms for harmonic func-
tions. Of particular interest are maps which are at the same time harmonic and
biharmonic morphisms.
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1. Harmonic maps

Consider two Riemannian manifolds(Mm, g) and (Nn, h), and aC2-mapφ :
(M, g) −→ (N, h) between them, then the energy of the mapφ is:

E(φ) = 1

2

∫
M

|dφx|2 vg.

(or over any compact subsetK ⊂ M).
A map is calledharmonic if it is an extremum, in its homotopy class, of the

energy functionalE (or E(K ) for all compact subsetsK ⊂ M).
The Euler–Lagrange equation corresponding to this functional is thetension

field, a system of semi-linear second-order elliptic partial differential equations:

τ(φ) = trace∇ dφ.

1This paper is in final form and no version of it will be submitted for publication elsewhere.
The second author was supported by NSF of Guangxi 0007015, and by the special Funding for
Young Talents of Guangxi (1998-2000).
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In local coordinates, it takes the form:

τα(φ) = gi j

(
∂2φα

∂xi ∂x j − M�k
i j

∂φα

∂xk + N�α
βγ

∂φβ

∂xi

∂φγ

∂x j

)
,

whereM�k
i j andN�α

βγ are the Christoffel symbols of the Levi-Civita connections on
(M, g) and(N, h).

Harmonic maps generalize harmonic functions (N = R) and geodesics (M =
S

1).
The first problem solved by Eells and Sampson was existence, more specifically

within a given homotopy class. Using a heat equation method, they established:

Theorem 1.1([7]). Let (M, g) be a compact manifold and(N, h) a compact
manifold with non-positive Riemannian sectional curvature. Then any continuous
map from M to N has a harmonic representant, of minimal energy, in its homotopy
class. Or, in other words, any map can be continuously deformed into a map of
minimal energy, perforce harmonic.

Further evidence of the influence of curvature on harmonic maps is given by:

Theorem 1.2([18]). Let M be a non-compact Riemannian manifold satisfying
RicciM ≥ 0 andRiemN ≤ 0. Then any harmonic mapφ : M −→ N of finite energy
is constant.

If φ is an immersion, then its mean curvature is, up to a constant, the trace of the
second fundamental form∇ dφ. Therefore:

Theorem 1.3 ([7]). A Riemannian immersion is harmonic if and only if it is
minimal.

We will see a sort of converse of this result in the section on harmonic mor-
phisms. The framework of Hermitian geometry is particularly propitious to the
study of harmonic maps, as was immediately observed by Eells and Sampson.

Theorem 1.4([7]). If φ is a±holomorphic map between Kähler manifolds then
it is harmonic.

Taking specific Riemann surfaces yields greater rigidity, highlighting the limits
of Theorem 1.1:

Theorem 1.5([8]). Any harmonic non±holomorphic map from the two-torus
to the two-sphere is null homotopic. In particular, there is no harmonic map of
degree one fromT2 to S

2.

2. Harmonic morphisms

Harmonic morphisms were introduced in potential theory by Constantinescu and
Cornea in 1965 (cf. [5]) to generalize a well-known property of holomorphic maps.
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Indeed, holomorphic maps between Riemann surfaces possess the characteristic
property of pulling back (local) holomorphic functions onto holomorphic functions.
Since holomorphic functions on a Riemann surface are harmonic, harmonic mor-
phisms were defined as mappings between Riemannian manifolds which pull-back
(local) harmonic functions onto (local) harmonic functions. More precisely:

Definition 2.1. Let φ : (M, g) −→ (N, h) be a continuous mapping between
Riemannian manifolds. Thenφ is called aharmonic morphismif for any harmonic
function f : U ⊂ N −→ R, its pull-back byφ, f ◦ φ : φ−1(U ) ⊂ M −→ R is
harmonic as well.

An immediate consequence of this definition is that the composition of two har-
monic morphisms is a harmonic morphism.

Moreover, since the Laplacian is (twice) the generator of the Brownian motion,
this definition implies that a harmonic morphism maps a Brownian motion onM
onto a Brownian motion onN. The image of a Brownian motion being a dense set,
we conclude that, necessarily, ifφ is a non-constant harmonic morphism fromM
to N, then dimM ≥ dim N. This fact will be confirmed later on.

Definition 2.2. A C1-mapφ : (Mm, g) −→ (Nn, h) is calledhorizontally weakly
conformalif, at each pointx ∈ M , eitherdφx ≡ 0 or the linear map

dφx|(kerdφx)⊥ : (kerdφx)
⊥ −→ Tφ(x)N

is a surjective and conformal map.
The conformal factor is usually called thedilation and denoted byλ(x).

Call Vx = kerdφx the vertical space andHx = (kerdφx)
⊥ the horizontal space.

In this case, horizontal weak conformality can be written as the condition:

h
(
dφ(X), dφ(Y)

) = λ2(x)g(X, Y), ∀X, Y ∈ Hx.

Using local coordinates(xi )i =1,...,m and(yα)α=1,...,n aroundx andφ(x), this reads
as:

gi j (x)
∂φα

∂xi (x)
∂φβ

∂x j (x) = λ2(x)hαβ
(
φ(x)

)
, ∀α, β = 1, . . . , n.

This last equation makes more sense once one realizes thatφ being horizontally
weakly conformal is equivalent to(dφ)∗ being conformal. Moreover, one can
notice the relation between the energy density and the dilation of a horizontally
weakly conformal mapφ:

eφ = 1

2
|dφ|2 = n

2
λ2,

wheren is the dimension of the target space.
It is clear that ifm < n, then a horizontally weakly conformal map is constant.
Rather surprisingly, harmonic morphisms can be shown to be harmonic maps,

this is the Fuglede–Ishihara Characterization:
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Theorem 2.1 ([9,13]). A mapping between Riemannian manifolds is a har-
monic morphism if and only if it is a horizontally weakly conformal harmonic map.

Proof. The two original proofs use different methods. While ([9]) relies heavily
on properties specific to the Laplacian, ([13]) offers a more direct, and more easily
adaptable, procedure: write out the chain rule for�( f ◦φ), at a given point, plug in
harmonic functions with prescribed first and second derivatives at this point, deduce
necessary and sufficient conditions onφ.

Let f be anyC2-function onN andφ a harmonic morphism fromMm to Nn,
then:

(1) M�( f ◦ φ) = d f
(
τ(φ)

) + trace∇ d f (dφ, dφ).

Let q ∈ M and(xi ), i = 1, . . . , m, and(yα), α = 1, . . . , n, normal coordinates
aroundq andφ(q) ∈ N.

Choose a harmonic functionf such that all its second derivatives vanish at the
pointφ(q) and

∂ f

∂yα

(
φ(q)

) = δαα0.

Then equation (1) reads:

0 = M�( f ◦ φ) = τα0(φ),

thereforeφ is a harmonic map.
Next, take f harmonic such that all its first derivatives vanish atφ(q) and

∂2 f

∂yα∂yβ

(
φ(q)

) = Cαβ (Cαβ = Cβα),

with Cαβ = 0 if α �= β and
∑

α Cαα = 0 (this condition is forced by the harmonic-
ity of f ). Equation (1) becomes:

0 = M�( f ◦ φ) =
∑

α

Cαα

∂φα

∂xi

∂φα

∂x j gi j .

Choosing different values for theCαα ’s shows that:

gi j ∂φα

∂xi

∂φβ

∂x j = λ2hαβ,

i.e.,φ is horizontally weakly conformal.
The converse is easily deduced from (1). An important step here is the existence

of such “test functions”. �

Remark 2.1. It is well known that harmonic maps (or even harmonic functions)
do not compose into harmonic maps, while, as was already observed, harmonic
morphisms do. They form a closed sub-class of harmonic maps.



Biharmonic morphisms 35

Remark 2.2. An often overlooked property of harmonic morphisms is their
openness. Established by Fuglede with the help of the Harnack Inequality ([9]),
it implies, in particular, that if the domain spaceM is compact andφ : M −→ N is
a non-constant harmonic morphism, thenN has to be compact.

Remark 2.3. In 1996, Fuglede extended Theorem 2.1 to maps between semi-
-Riemannian manifolds, using Ishihara’s method. Two steps proved crucial. First,
establishing a new definition of horizontally weakly conformal, in this context
of non-positive definite metrics. One has to add to Definition 2.2 the condition
that if the vertical space kerdφx is degenerate, then(kerdφx)

⊥ ⊂ kerdφx. Next,
since the Laplacian is no longer elliptic, the existence of harmonic test functions
was, a priori, problematic. However such functions do exist, the proof of their
availability relying, strangely enough on the semi-linearity of the operator. We
refer the reader to ([10] and in particular Hörmander’s appendix) for further de-
tails.

Though the cases dimM = dim N are not trivial, they are of limited interest:

Theorem 2.2([9]). A harmonic morphism between surfaces is a±holomorphic
map (the converse being also true).

A harmonic morphism between Riemannian manifolds of the same dimension
(greater or equal to three) is a homothetic map, i.e., a conformal map of constant
dilation.

An elementary computation shows that a holomorphic map into a Riemann sur-
face is always horizontally weakly conformal, this yields:

Theorem 2.3. A ±holomorphic map from a K̈ahler manifold to a Riemann sur-
face is a harmonic morphism.

Conditions for the contrary have been sought, the closest seems to be:

Theorem 2.4([20]). Let φ : M −→ N be a non-constant harmonic morphism
from an orientable Einstein four-manifold to a Riemann surface. Thenφ is holo-
morphic with respect to some (integrable) Hermitian structure.

The characterization gives us another:

Theorem 2.5. A continuous mapφ : (M, g) −→ (N, h) is a harmonic morphism
if and only if there exists a (unique and continuous) functionλ such that:

M�( f ◦ φ) = λ2(N� f ) ◦ φ

for all f ∈ C2(U ⊂ N, R).

In fact this formula is also valid for maps and the tension field:

Theorem 2.6. Let φ : (M, g) −→ (N, h) be a harmonic morphism andψ :
(N, h) −→ (P, k) a harmonic map. Thenψ ◦ φ : (M, g) −→ (P, k) is a harmonic
map.
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Though a lot has been written on harmonic morphisms (cf. [12]), a general ex-
istence theory is still lacking. However, for the lowest significant dimensions, the
following classification was obtained by Baird and Wood (see [3,4]):

Theorem 2.7. Let M = R
3, S

3 or H
3 with the standard metric, and a Riemann

surface N. Then every non-constant harmonic morphismφ : M −→ N has the form

φ = σ ◦ ψ ◦ i,

where i : M −→ M is an isometry,σ : ÑN −→ N a weakly conformal map between
Riemann surfaces, while:

1. If M = R
3, thenψ : R

3 −→ R
2 (= ÑN ) is the projection ofR × R

2 ontoR
2.

2. If M = S
3, thenψ : S

3 −→ S
2 (= ÑN ) is the Hopf fibration.

3. If M = H
3, thenψ : H

3 −→ ÑN is a certain explicit projection fromH3 onto
R

2 or H
2.

More encouragements come from a recent striking result of Ababou–Baird–
Brossard ([1]) on mappings between Euclidean spaces:

Theorem 2.8. Letφ be a harmonic morphism fromRm \ K, where K is a polar
set, intoR

n (m ≥ n ≥ 3). Thenφ is a polynomial map of degree less or equal than
(m − 2)/(n − 2).

Employing a Bochner technique for harmonic morphisms, T. Mustafa has proved
several non-existence results. First for compact domains:

Theorem 2.9([15]). There exists no non-constant harmonic morphism from a
compact Riemannian manifold of non-negative Ricci curvature to a compact Rie-
mann surface of genus greater of equal than two.

Then, in the non-compact case:

Theorem 2.10([16]). Let m≥ n. There exists no non-constant harmonic mor-
phism fromR

m to H
n.

If φ fromH
m to R

n is a harmonic morphism of dilationλ, then

λ2 ≤ m − 1

n − 1
.

If φ : S
m −→ S

n is a submersive harmonic morphism of dilationλ, then

λ2 >
m − 1

n − 1
.

3. Biharmonic morphisms

Let φ : (M, g) −→ (N, h) be a smooth map between Riemannian manifolds.
Define its tension field to be:τ(φ) = trace∇dφ, and, for a compact domainK ⊆
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M , the bienergy

E2(φ) = 1

2

∫
K

∣∣τ(φ)
∣∣2

vg.

Critical points of the functionalE2 are calledbiharmonic maps.
The Euler–Lagrange equation associated toE2 is:

τ 2(φ) = −�φτ(φ) − traceg RN
(
dφ, τ(φ)

)
dφ,

where

�φ = − traceg ∇2 = − traceg(∇φ∇φ − ∇φ

∇),

is the Laplacian on sections ofφ−1T N, andRN is the Riemannian curvature oper-
ator:

RN(X, Y)Z = [∇X, ∇Y]Z − ∇[X,Y] Z.

Note thatτ 2(φ) = −Jφ(τ (φ)), whereJφ is the Jacobi operator associated toφ.
The definition of a harmonic morphism can be adapted to biharmonicity (cf.

also [17]):

Definition 3.1. Let φ : (M, g) −→ (N, h) be a continuous mapping between
Riemannian manifolds. Thenφ is called abiharmonic morphismif for any bihar-
monic function f : U ⊂ N −→ R, its pull-back byφ, f ◦ φ : φ−1(U ) ⊂ M −→ R

is biharmonic as well.

4. Characterization

Proposition 4.1([6]). Let (Nn, h) be a (smooth) Riemannian manifold and q∈
N. There exists harmonic coordinates(y1, . . . , yn) on a neighborhood U of q, i.e.,
such that:

N�yα = −hβγ �α
βγ = 0,

on U.
These coordinates are smooth and via linear transformations can be chosen so

that hβγ (q) = δβγ .

Remark 4.1. 1. The existence of such coordinates relies on the local solvabil-
ity, for each index, of the Laplacian with prescribed first derivatives.

2. In dimension 2, the usual isothermal coordinates are harmonic. Its higher
dimensional counterpart is that holomorphic coordinates on Kähler manifolds are
harmonic.

3. It is unreasonable, in dimension at least three, to expect coordinates, at the
same time, harmonic and normal, except for the locally flat case.

The existence of local biharmonic test functions is given by:
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Lemma 4.1. Let q ∈ N and symmetric coefficients(Cα, Cαβ, Cαβγ , Cαβγ δ) such
that in local harmonic coordinates(y1, . . . , yn) centered around q:

(2) hαβ(q)hγ δ(q)Cαβγ δ + 2hαδ(q)
∂hβγ

∂yδ
(q)Cαβγ + �hαβ(q)Cαβ = 0,

then there exist a neighborhood U of q and a smooth biharmonic function f: U −→
R such that

∂ f

∂yα
(q) = Cα,

∂2 f

∂yα∂yβ
(q) = Cαβ,

∂3 f

∂yα∂yβ∂yγ
(q) = Cαβγ ,

∂4 f

∂yα∂yβ∂yγ ∂yδ
(q) = Cαβγ δ.

Proof. This is a straightforward application of a result of Alinhac and Gerard,
proved with an implicit function theorem, on the local solvability of non-linear
elliptic equations [2, Proposition 2.4]. �

Theorem 4.1. Letφ : (Mm, g) −→ (Nn, h) be a smooth map between Riemann-
ian manifolds. Thenφ is a biharmonic morphism if and only if it is a horizontally
weakly conformal biharmonic map, of dilationλ, such that:

λ2τ(φ) + dφ gradλ2 = 0,∣∣τ(φ)
∣∣4 − 2�λ2

∣∣τ(φ)
∣∣2 + 4�λ2 div

〈
dφ τ(φ)t

〉 + n(�λ2)2

+ 2
〈
dφ τ(φ)

〉∇∣∣τ(φ)
∣∣2 + |S|2 = 0,

where S∈ ⊙2
φ−1T N is the symmetrization of the g-trace of dφ ⊗ ∇φτ (φ).

Proof. The proof follows the same procedure as for Theorem 2.1, though calcu-
lations are longer. �

The next result is also in ([17]):

Proposition 4.2. A mapφ : (M, g) −→ (N, h) is a biharmonic morphism if and
only if there exists a functionλ : M −→ R such that

�2( f ◦ φ) = λ4�2( f ) ◦ φ,

for all functions f ∈ C4(U ⊂ N, R).

Theorem 4.1 enables us to compare harmonic and biharmonic morphisms:

Proposition 4.3. Letφ : (M, g) −→ (N, h) be a non-constant map.
If M is a compact manifold without boundary thenφ is a biharmonic morphism

if and only ifφ is a harmonic morphism of constant dilation, hence a homothetic
submersion with minimal fibers.

Besides N has to be compact as well.
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Proof. An intermediate step in the proof of Theorem 4.1 shows that ifφ is a
biharmonic morphism then:

(3) n�(λ2) + 2 div
(
dφ τ(φ)

) =
∣∣τ(φ)

∣∣2
.

Integrating this expression overM , gives:

0 =
∫

M

∣∣τ(φ)
∣∣2

vg,

by the Divergence Theorem. Thereforeτ(φ) = 0, i.e.,φ is harmonic, and equa-
tion (3) becomes:�λ2 = 0, but the only harmonic functions on a compact man-
ifold are the constant ones. As a result the mapφ must be a horizontally weakly
conformal harmonic map, i.e., a harmonic morphism, with constant dilation.

Conversely, it is clear that such a map satisfies the conditions sufficient to be a
biharmonic morphism.

Lastly, a harmonic morphism is an open map (see [9]), soφ(M) is both open
and closed, thusφ(M) = N, andN is compact. �

Proposition 4.4. Let M be a complete manifold andφ : (M, g) −→ (N, h) a
biharmonic morphism. Ifφ ∈ W1,2(M, N) and∫

M

∣∣τ(φ)
∣∣2

< ∞,

thenφ is a harmonic morphism of constant dilation.

Proof. If φ is a biharmonic morphism then it is horizontally weakly conformal,
of dilationλ2, and:

(4) n�(λ2) + 2 div
(
dφ τ(φ)

) =
∣∣τ(φ)

∣∣2
.

As φ ∈ W1,2(M, N)∫
M

∇|dφ|2 = n
∫

M
∇λ2 < ∞,

and ∫
M

∣∣dφ τ(φ)
∣∣ ≤

(∫
M

|dφ|2
) 1

2
(∫

M

∣∣τ(φ)
∣∣2

) 1
2

< ∞.

Recall Yau’s generalised Stokes’ theorem (see [21]):

Lemma 4.2. Let Mm be a complete Riemannian manifold of dimension m. Ifω

is a smooth integrable(m−1)-form on Mm then there exists a sequence of domains
Bi in Mm such that Mm = ⋃

i Bi , Bi ⊂ Bi +1 and

lim
i −−−→+∞

∫
Bi

dω = 0.

Applying this lemma to equation (4) shows: limi −−−→+∞
∫

Bi
|τ(φ)|2 = 0, i.e.,
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τ(φ) ≡ 0. This implies that�λ2 = 0 and, by [21], that eitherλ2 is constant or∫
M

λ2p = 1

np

∫
M

|dφ|p = +∞

for all p > 1, which would contradict the hypothesis.�

Proposition 4.5. Let(M, g), (N, h) and(P, k) be Riemannian manifolds. Then
a non-constant mapφ : (M, g) −→ (N, h) will be a biharmonic morphism if and
only if there exists a continuous functionλ : M −→ R

+ such that

(5) τ 2(ψ ◦ φ) = λ4τ 2(ψ) ◦ φ,

for any mapψ : (N, h) −→ (P, k).

Remark 4.2. Of course, Proposition 4.5 implies that biharmonic morphisms
pull-back biharmonic maps onto biharmonic maps. Besides, ifφ is a biharmonic
morphism and a harmonic map, e.g., ifλ is constant orφ is horizontally homothetic,
thenφ will also be a harmonic morphisms and satisfy:

τ(ψ ◦ φ) = λ2τ(ψ) ◦ φ.

In particular, this means thatφ will pull-back non-harmonic biharmonic map onto
non-harmonic biharmonic maps.

Example 4.1. Let H
m = (Rm−1 × R

+, (1/s2)gR
m) and consider the mapπ :

H
m −→ R

m−1, (x1, . . . , xm−1, s) �−→ α(x1, . . . , xm−1). This map is known to be hor-
izontally homothetic (dφ(∇λ2) = 0) and to have totally geodesic fibers (cf. [11]),
so it is a harmonic morphism, and will be a biharmonic morphism if and only if
�λ2 = 0.

Sinceλ2 = α2s2, �λ2 = 0 is equivalent toα2s2 = sm−1/(m − 1), which
happens if and only ifm = 3 andα = √

2/2.
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