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Ricci tensor of pseudo-cylindric metrics1

A. Raouf Chouikha

Abstract. Let P the class of compact Riemannian manifolds with parallel
Ricci tensor andH the class of such manifolds with harmonic curvature. The
inclusionP ⊂ H holds. Let us consider the Riemannian cylindric product
(S1 × Sn−1, dt2 + dξ2), whereS1 is the circle of lengthT and(Sn−1, dξ2)

is the standard sphere. This metric is known to have a parallel Ricci curvature
tensor.

We also consider the manifoldSn −�k, where�k is a finite point-set of the
standard sphere(Sn, dξ2).

We show that unless the trivial ones, all the pseudo-cylindric metrics in the
conformal class[dt2 + dξ2] as well as the Yamabe metric of(Sn − �k, dξ2)

belongH but not belongP.
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1. Introduction

It is well known that the classP of compact Riemannian manifolds with parallel
Ricci tensor is included in the classC of manifolds with constant scalar curvature.
LetH the class of such manifolds with harmonic curvature. The following inclusion
holds

P ⊂ H.

Moreover, this inclusion is strict according to examples of Riemannian metrics
given by A. Derdzinski ([1,5]) and A. Gray ([6]). In other words, there exist met-
rics with harmonic curvature and Ricci tensor non-parallel. But examples of such
metrics are very few.

Let (M, g) be a Riemannian manifold of dimensionn ≥ 3. M is said to have
harmonic curvature if the divergence of its curvature tensorR vanishes (in local

1This paper is in final form and no version of it will be submitted for publication elsewhere.
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coordinates:∇ iRi jkl = 0). That means the Ricci tensorr is a Codazzi tensor
(∇krh j − ∇ j rhk = 0). In other words, in the compact case of the manifold the
Riemannian connection is a Yang–Mills potential in the tangent bundle.

Answering to the question on the parallelism of the Ricci tensor of the Riemann-
ian metrics, A. Derdzinski gave examples of compact manifolds with harmonic cur-
vature but non-parallel Ricci tensor:δR = 0 and∇r 	= 0. Moreover, he obtains
some classification results, [5].

The corresponding manifolds are bundles with fibersN over the circleS1, para-
metrized by arc lengtht and of lengthT = ∫

S1 dt, equipped with the warped
metricsdt2+h4/n(t)g0 on the productS1×N. Here,(N, g0) is an Einstein manifold
of dimensionn ≥ 3, and the functionh(t) on the prime factor is a periodic solution
of the ODE, established by Derdzinski

(1) h′′ − nR

4(n − 1)
h1−4/n = −n

4
Ch

for some constantC > 0. This function must be non-constant, otherwise the corre-
sponding metric has a parallel Ricci tensor.

We know that the number of such metric naturally must depend on the geometry
of S1 andN. In particular, we proved there is a positive boundT0 depending on the
S1 length such that when

T < T0,

the above equation may have only constant solutions. The corresponding Ricci ten-
sor cannot be non-parallel. We are interested in the following problem:

When cang have a harmonic curvature and non-parallel Ricci tensor?
This concerns specially the conformally flat manifolds. Let the Riemannian cy-

lindric product(S1 × Sn−1, dt2 + dξ2), whereS1 is the circle of lengthT and
(Sn−1, dξ2) is the standard sphere. A such metric has a parallel Ricci tensor. More-
over, we know the number of Yamabe metrics is finite in the conformal class of the
cylindric metric[dt2 + dξ2], see [2,3,7]. So, we callpseudo-cylindric metricany
non-trivial Yamabe metricgc in [dt2 + dξ2].

Consider also the manifoldsSn−�k, where�k is a finite point-set of the standard
sphere(Sn, dξ2).

We show that except the trivial ones, all the pseudo-cylindric metrics in the con-
formal class[dt2 +dξ2] as well as the complete Yamabe metrics of(Sn −�k, dξ2)

belongH but not belongP.

2. Harmonic Riemannian curvature and Ricci tensor non-parallel

Let a compact Riemannian manifold(M, g), R the curvature associated to the
metricg, r = Ric(g) its Ricci tensor, andD the Riemannian connection. This cur-
vature is harmonic if its formal divergence vanishesδR = 0. In local coordinates
we getDkRi j = DiRk j . In particular, any Riemannian metric with parallel Ricci
tensorDr = 0 (i.e., DiRk j = 0) has an harmonic curvature. Actually, in this case
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the Levi-Civita connectionD is a Yang–Mills potential on the tangent bundle of
M . In this way, the connectionD is a critical point of the Yang–Mills functional

YM(∇) = 1

2

∫
M

‖R∇‖ dv,

whereR∇ is the curvature associated to the connection∇.
The Riemannian curvature must be harmonic for all Einstein manifolds and for

all conformally flat manifolds with constant scalar curvature; this can be deduced
from the orthogonal decomposition of the curvature tensor. Moreover, the condition
of the curvature harmonicity is, in a way, a generalization of the Einstein condition
of the metric. Indeed, every Einstein metric has a parallel Ricci tensorDr = 0.
However, in the 3-dimensional case only, we get an identity between harmonic cur-
vature metrics and conformally flat metrics with constant scalar curvature.

One wondered about the existence of compact metric with harmonic curvature
and non-parallel Ricci curvature, as it was well known in the non-compact case.

In answer, Derdzinski ([5]) gave examples of such metrics withDr 	= 0. The
corresponding manifolds are bundles with fibers(N, g0), a (n − 1)-dimensional
Einstein manifold with positive (constant) scalar curvature, over the circleS1 (para-
metrized by arc lengtht). The allowed metric is the warped productdt2+h4/n(t)g0

on S1×N. Hereh(t) is a function on the prime factor periodic solution of the ODE:

(2) h′′ − nR

4(n − 1)
h

1− 4
n = −n

4
Ch

for some constantC > 0.
This function must be non-constant, otherwise the corresponding metric has a

parallel Ricci tensor. Notice that the manifoldsS1 × N are not conformally flat,
unless when(N, g0) has constant sectional curvature.

3. Curvature property of pseudo-cylindric metrics

Let (Sn, dξ2) be the standard sphere with radius 1. Consider metrics of the con-
formal classg ∈ [dξ2] on the domainSn −�k, where�k is a finite point-set ofSn,

�k = {p1, p2, . . . , pk}.
For k = 2, there is a conformal diffeomorphism betweenSn − {p1, p2} and

(S1 × Sn−1, dt2 +dξ2), whereS1 is the circle of lengthT . The non-trivial Yamabe
metrics on(S1 × Sn−1, dt2 + dξ2), are called pseudo-cylindric metrics. There are
metrics of the formg = u4/(n−1)(dt2 + dξ2) where theC∞-function u is a non-
constant positive solution of the Yamabe equation.

Furthermore, [5] established a classification of the compactn-dimensional Rie-
mannian manifolds(Mn, g), n ≥ 3, with harmonic curvature. If the Ricci tensor
Ric(g) is not parallel and has less than three distinct eigenvalues at each point, then
(M, g) is isometrically covered by a manifold(S1(T)×N, dt2+h4/n(t)g0), where
the non-constant positive periodic solutionsh verify (1).

The following result gives other metrics with the same curvature property.
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Theorem 1. Consider the product manifold(S1(T) × Sn−1, g), g = dt2 + dξ2

where(S1, dt2) is the circle of length T and(Sn−1, dξ2) is the standard sphere with
radius1. Under the condition

T > T1 = 2π√
n − 2

,

on the circle length, the Riemannian curvatures of the associated pseudo-cylindric
metrics gc = u4/(n−2)

c g are harmonic and their Ricci tensors are non-parallel.
Moreover, any pseudo-cylindric metric may be identified to a Derdzinski metric

up to a conformal transformation.

Proof. The conditionT > T1 = 2π/
√

n − 2, ensures the existence of a non-
trivial Yamabe metric, see [3]. Since the product(S1(T) × Sn−1, g) is conformally
flat, thengc has an harmonic curvature.

Consider the local coordinates(x0, x1, . . . , xn−1), wherex0 = t is the coor-
dinate corresponding to the circle factorS1. Any metric tensor in the conformal
class[g] can be written̄gg = u4/(n−2)g, where theC∞-functionu is defined on the
circle.

We then obtain

ḡg00 = u4/(n−2), ḡg0i = 0, ḡgi j = u4/(n−2)(g0)i j ,

wherei, j = 1, 2, . . . , n − 1.

We get the Christoffel symbols̄�� i
jk associated to the metric̄gg.

�̄�0
jk = − 2

n − 2

u′

u
ḡg jk, �̄� i

j 0 = 2

n − 2

u′

u
δ̄δ

i
j ,

�̄�0
00 = 2

n − 2

u′

u
, �̄� i

00 = 0.

The Ricci tensor components are

–RR i j = Ri j − 2∇i j u

u
+ 2n

n − 2

∇i u∇ j u

u2 − 2

n − 2

|∇u|2 + u�u

u2 gi j .

We then have

–RR0i = 0,
–RR00 = 2

n − 1

n − 2

[
u′′

u
+ u′2

u2

]
.

The associated scalar curvatures areR(g) = (n − 1)(n − 2) and
–
RR(u4/(n−2)g) =

n(n − 1). D denotes the Riemannian connection associated to the metricg. Since
u should be a non-constant periodic function, so we have

D0
–RR00 = d

–RR00

dt
	= 0.
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The Ricci curvature of the pseudo-cylindric metrics is not parallel, except for the
cylindric one.

For the second part of Theorem 1. One just remark that in the locally conformally
flat case of this product only, the factorN may be identified with the standard sphere
Sn−1. Hence, these metrics must be conformally flat and will be conformal to the
cylindric metric, as S.T. Yau ([8]) has shown:

Lemma 1. Any warped metric dt2 + f 2(t)g0 on the product Riemannian man-
ifold (S1(T) × Sn−1, dt2 + g0) must be conformally flat and conformal to a Rie-
mannian metric product dθ2 + dξ2 whereθ is a S1-parametrization with length∫

S1(dt/ f (t)).

Thus, any Derdzinski metric may be identified with a pseudo-cylindric metric
up to a conformal diffeomorphism, sayF . Then the metrics are relied

dt2 + f 2(t) dξ2 = F∗[(u j
c)

4/(n−2)(dt2 + dξ2)],

whereu j
c are the Yamabe solutions belong to the (same) conformal class. Indeed,

a warped metric can be writtendt2 + f 2(t) dξ2 = f 2(t)[(dt/ f )2 + dξ2]. After a
change of variables and by using the conformal flatness, we get

dt2 + f 2(t)g0 = φ2(θ)[dθ2 + dξ2]

which is conformally flat.

Remark 1. Parallelism property of the Ricci tensor have particularly an interest
for the conformally flatness case. Indeed, consider a Riemannian manifold(M, g)

with a parallel Ricci tensor. This implies in particular, that its Weyl tensor is har-
monic:δW = 0 (in local coordinatesDkWh

i jk = 0). For a metricg̃g in the conformal
class and with harmonic Weyl tensor[g] : g̃g = e2ρg, we get the following equality

δ̃δW̃W = δW − 1
2
(n − 3)W(∇ρ,·,·,·).

Since, the corresponding Ricci tensor is parallel, we then obtain in local coordinates

(n − 3)Wl
i jk Dl ρ = 0.

Thus, necessarily we haveρ = 0 when(M, g) is not conformally flat.

4. Ricci tensor of the asymptotic pseudo-cylindric metrics

We are interested in curvature properties of the manifoldsM = Sn − �k where
�k = {p1, p2, . . . , pk} andk > 2. The allowed metrics are complete and have a
(positive) constant scalar curvature. Which property must have their Ricci tensor?

Consider positive solutionsu, on the cylinder of the singular Yamabe equation

4
n − 1

n − 2
�g0u + R(g0)u − R(g)u(n+2)/(n−2) = 0,
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g = u4/(n−2)g0 is complete onSn −�k andR(g) = const bigger than 0. By using a
reflection argument, it is known ([7]) that any solutionu(x) of the above equation,
with a singularity atpl , is asymptotic to one of the pseudo-cylindric functions near
the pointpl . In fact, any such solutionu(x) corresponds to a solutionu(t, ξ) on a
domain ofR × Sn−1.

Moreover, the corresponding pseudo-cylindric metric is unique.
Let ḡg = [u(t, ξ)]4/(n−2)g0 be a Yamabe metric conformal to the standard metric

anduc
j,l (t) be the pseudo-cylindric solution at a pointpl ∈ �k. The index j is

corresponding to one periodic solution with periodT . More precisely, we have

Lemma 2. As t → ∞ we get the following estimate of the Yamabe singular
solution on Sn − �k near the point pl

u(t, ξ) = uc
j,l (t) + uc

j,l (t)O(e−βt),

where uc j,l (t) is the corresponding pseudo-cylindric solution andβ is a positive
constant.

In other words, this solutionu(t, ξ), asymptotically closed to a pseudo-cylindric
functionu j

c(t) around a singular pointpl , can be written ast → ∞
(3) u(t, ξ) = u j

c(t) + e−αtv(t, ξ).

Hereα is a positive constant depending only on the cylindric bound andv(t, ξ) is
a bounded function.

Thus, we may estimate the Yamabe metricsḡg = [u(t, ξ)]4/(n−2)g0 on the man-
ifold Sn − �k, where�k is a finite point-set of the standard sphere(Sn, g0). The
corresponding metrics onSn − �k are complete with constant scalar curvature and
are asymptotic at each singular point to a pseudo-cylindric metric.

More precisely, a singular Yamabe metricḡg on Sn−�k is asymptotic to a unique
pseudo-cylindric metricg around a singular pointpl . We get the following result

Theorem 2. Let ḡg be a complete metric of positive constant scalar curva-
ture conformal to the standard metric g0 on the manifold Sn − �k, where�k =
{p1, p2, . . . , pk}, k > 2. Thenḡg has a harmonic curvature and non-parallel Ricci
tensor, except for the standard one.

Proof. Notice that, this manifold(Sn − �k, ḡg) is locally conformally flat. The
condition of constant scalar curvature implies that its Riemannian curvature is har-
monic. We get the converse for the dimensionn = 3.

We will use the asymptotic property given by Lemma 2. More exactly, we have

u(t, ξ) = uc
j (t) + e−αtv(t, ξ).

We proceed as in the proof of Theorem 1. Consider a local chart(t, ξ) of a point
in Sn − �k. Here ist = x0 andξ = (x1, x2, ..., xn−1) .

In this local coordinate system, we obtain the components of the tensor metric

ḡg00 = u4/(n−2), ḡg0i = 0, ḡgi j = u4/(n−2)(g0)i j .
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Then we get the first component of the Ricci tensor

–RR00 = 2
n − 1

n − 2

[
1

u

∂2u

∂t2 + 1

u2

(
∂u

∂t

)
2
]
.

D denotes the Riemannian connection associated to the metricḡg. By Lemma 2, we
may deduce that

∂u

∂xi = e−αt ∂v

∂xi and ∇i 0u = −αe−αt ∂v

∂xi + e−αt ∂2v

∂xi ∂t
.

Recall thatv = v(t, ξ) is a bounded function, andα is a positive constant. Thus,
we can write

–RR0i = e−αt f (t, x1, x2, . . . , xn−1) where f is bounded. Consequently,
we may calculate the components of the covariant derivative

D0
–RR00 = 2

n − 1

n − 2

u′′′
c

uc
+ 2

n + 2

n − 2

u′
cu

′′
c

u2
c

− 4
u′3

c

u3
c

− e−αt g(t,x1,x2,...,xn−1)

whereg is a bounded function. Therefore, sincet is large,D0
–RR00 	= 0. Hence, the

Ricci tensor of the singular Yamabe metrics are not parallel.
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